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Development of a robust finite element model capable of simulating ductile failure 
of thin-walled Al-alloy structures under complex loading conditions requires: (a) A 
suitably calibrated constitutive model of the material that includes the prevailing plastic 
anisotropy, and (b) an appropriately extracted material hardening response to large enough 
strains. This work addresses these two issues through the analysis of the response up to 
failure of thin sheets in hydraulic bulge tests, and the large deformation response of tubes 
under combined shear and tension. 
Hydraulic bulge tests have been used to extract the material hardening response of 
sheet metals to large strains. The extraction requires proper knowledge of the plastic 
anisotropy in the sheets. To this end, the non-quadratic anisotropic yield function of Barlat 
et al. [2005] was calibrated using a series of uniaxial and biaxial tests and two data from 
the bulge test. The calibration uses an iterative scheme for evaluating the stress state at the 
apex. The calibrated yield function is then used to extract the material hardening. The 
veracity of the scheme is demonstrated by using the calibrated yield function and hardening 
response in a 3-D finite element model to successfully simulate the bulge test up to failure.  
 vii 
The second part of the project simulates the response of Al-alloy tubes under 
combined tension and torsion. Experiments conducted in parallel with this study have 
shown that following initial plastic deformation, strain localizes in a narrow zone and 
grows significantly before rupture. Here, the non-quadratic anisotropy yield function is 
calibrated using the set of tension-torsion experiments conducted, supplemented by a set 
of pressure-tension experiments. The constitutive model is then used to extract the material 
hardening response from a simple shear test accounting for the rotation of the material 
frame. The two constitutive components are then implemented in a 3-D finite element 
model to simulate a set of tension-torsion experiments. It is demonstrated that the 
constitutive model and hardening material response can reproduce the experimental 
structural responses, the onset of localization and its evolution to strains that correspond to 
the measured failure strains. This is achieved without the artificial introduction of material 
softening.  
 viii 
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Chapter 1:  Introduction 
1.1 MOTIVATION 
With increasing demands for higher energy efficiency and reduced impact to the 
environment, the automotive industry is continuously developing new technologies and 
looking for alternate solutions. One of the strategies followed is reduction of the weight of 
automotive structures by using lighter materials such as Aluminum alloys (Cole and 
Sherman, 1995; Saito et al., 2001; Benedyk, 2010). During the last decade the use of Al-
alloys in the automotive industry has been growing at an ever increasing rate as it offers 
significant reductions in weight with corresponding reductions in fuel consumption and 
obvious environmental benefits. Consequently, mechanical properties of Al-alloys, such as 
strength, stiffness and ductility, have been receiving increasing interest from the research 
community. Aluminum alloys generally have lower ductility and in sheet form can be more 
anisotropic than traditional steels.  
During manufacturing processes, such as stamping and deep drawing Al-alloy 
sheets can suffer several different failure modes. Figure 1.1 shows a cup drawing 
experiment of Al-6016-T4 sheet in which the specimen develops a crack at the rim due to 
severe bending and tension. Figure 1.2 shows two failure modes experienced during hot 
stamping of Al6082 sheet. For a fast forming rate (0.64±0.01 m/s), failure initiates from 
the central hole along a meridian causing tearing. However, for a slow forming rate 
(0.166±0.01 m/s) the specimen develops circumferential tearing at mid-height. For even 
more extreme loading cases such as axial crushing of tubular specimens, experienced in 
energy absorption applications complex multi-lobe folding leads to fracture. Figure 1.3 
shows an example of such failure suffered in an Al6063-T6 tube rail (See Kohar et al., 
2017). 
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Thus, understanding the inelastic behavior and establishing the factors that govern 
ductile failure of these alloys is crucial to the development of alloys suitable for automotive 
applications. However, the complicated localized deformation that precedes failure and the 
underlying damage mechanisms have posed challenges to the experimental, numerical and 
theoretical investigation of Al alloys and further complicates the development of ductile 
failure criteria. 
1.2 BACKGROUND 
1.2.1 Effect of Triaxiality on Ductile Failure  
The establishment of failure of a solid without initial visible cracks has a long 
history. The first generation of failure criteria for ductile metals involved extension of 
simple brittle failure criteria such as the maximum shear stress or constant equivalent strain 
criteria. These criteria did not account for the difference in the damage mechanisms 
between brittle and ductile materials and thus they were very limited. 
Micromechanically based models such as cylindrical or spherical voids embedded 
in a matrix (McClintock, 1968; Rice and Tracey, 1969) have shown voids to grow 
exponentially with triaxiality. These pioneering works have pointed to the crucial role of 
triaxiality on ductile failure and the importance of incorporation of mircomechanisms in 
ductile failure analysis. Inspired by these works, a constitutive model that incorporates the 
effect of void volume fraction was proposed by Gurson [1977], which led to the fast-
growing development of porous plasticity and continuum damage models. Enriched 
micromechanical models, which incorporate void nucleation, growth and coalescence, 
have been proposed (e.g., Chu and Needleman, 1980; Tvergaard and Needleman, 1984; 
Tvergaard, 1990; Benzerga and Lebond, 2010). Using unit cell analysis, issues such as void 
shape (Pardoen and Hutchinson, 2000), void interaction (Tvergaard, 1998), anisotropy of 
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matrix materials (Benzerga and Besson, 2001), decohesion from hard particles 
(Needleman, 1987), Lode angle (Gologanu et al., 2001; Barsoum and Faleskog, 2007b) 
have been intensively studied. 
Continuum damage-based models without referring to the effect of voids explicitly 
have been developed to address brittle or ductile failure (Lemaitre, 1985; Lemaitre and 
Chaboche, 1990; Brunig et al., 2008). The important effect of triaxiality on ductile failure 
has also been highlighted from a different perspective.  
Experimental investigations on the effect of hydrostatic pressure on the failure of a 
variety of alloys were also conducted date back to Bridgeman [1947, 1952] but also later 
works (e.g., Lewandowski and Lowhaphandu, 1998; Hancock and Mckenzie, 1976; 
Johnson and Cook, 1985). The failure criterion proposed by Johnson and Cook [1985] that 
features the exponential decay of failure strain with stress triaxiality has been widely 
adopted in simulation software packages (e.g., ABAQUS, ANSYS, LS-DYNA) for ductile 
failure predictions. 
In summary, this body of theoretical, numerical and experimental works conducted 
during the past few decades, the notion that failure strain monotonically decreases with 
increasing triaxiality has been widely accepted. 
1.2.2 Introduction of the Effect of Lode Angle to Ductile Failure  
Inspired by the experimental results of Bao and Wierzbicki [2004] for Al 2024-
T351, where the failure strain develops a local minimum near the pure shear state of stress, 
the effect of Lode angle (Lode, 1926) on ductile failure has come to the fore. Thus Lode 
angle dependent damage mechanisms were proposed to explain the low ductility in the 
shear-dominant regime (Xue, 2007; Nashon and Hutchinson, 2008); and were followed by 
a number of new phenomenological ductile failure criteria that involve both triaxiality and 
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Lode angle proposed to capture the experimental data. Lou and co-workers proposed 
several phenomenological criteria with increasing complexity and number of parameters 
to account for cut-off triaxiality value and Lode angle asymmetry (Lou et al., 2012, 2014, 
2017). Bai and Wierzbicki [2010] extended the classical Mohr-Coulomb failure criterion 
for granular material to model ductile failure. Based on the onset of localization in a unit 
cell analysis, Mohr and Marcadet [2015] proposed an alternate failure criterion based on 
the Hosford yield function in combination with Coulomb failure concept. Additional 
failure criteria that involve invariants of stress tensor have also been proposed, such as the 
maximum stress vector criterion (Khan and Liu, 2012) and pressure-dependent Drucker 
yield function type failure criterion (Lou and Yoon, 2018). To incorporate the effect of 
anisotropy in sheet metals, anisotropic ductile failure criteria have also been proposed 
through linear transformation of stress or strain (Luo et al., 2012; Gu and Mohr, 2015; Lou 
and Yoon, 2017, 2019). 
1.2.3 Recent Experimental Efforts on Ductile Failure 
The experimental results of Bao and Wierzbicki [2004] prompted also new 
experimental investigations on several metal alloys using different test setups and specimen 
geometries. Beese et al. [2010] reported similar failure locus for Al-6061-T6 sheet through 
combined experimental and numerical analysis. Barsoum and Faleskog [2007a] conducted 
combined tension-torsion experiments on double notched tubular specimens of a mild-
strength steel and a high strength steel, similar trends were found as those reported in Bao 
and Wierzbicki [2004]. However, in a more comprehensive experimental work of Faleskog 
and Barsoum [2013] where the range of triaxiality was extended to the range of 0 to 1.6, 
significantly high failure strains for low triaxialities were reported.  
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Mohr and co-workers designed butterfly flat specimens subjected to combined 
tension and shear loading (Mohr and Henn, 2007; Dunand and Mohr, 2011), notched 
tension of flat specimen (Dunand and Mohr, 2010, 2011), and notched thin-walled tubular 
specimens under tension-torsion (Papasidero et al., 2014, 2015) to investigate the ductile 
failure behavior of different types of Al alloys and steels. Hybrid experimental-numerical 
approaches were proposed to characterize material failure due to the complexity of stress 
and strain states in the test section. Other experimental results using similar specimens have 
also been reported (Brunig et al., 2008; Gao et al. 2009; Ghahremaninezhed and Ravi-
Chandar, 2012, 2013; Graham et al., 2012; Lou and Yoon, 2017; Ha et al., 2018).  
Scales et al. [2016] pointed out that the seemingly conflicting messages that come 
from experiments are mainly caused by practical limitations of testing materials, especially 
in sheet form, under combined shear and axial loads. Most experimental setups used are 
characterized by non-uniform stress and strain fields that can only be extracted by 
numerical modeling that often is tied to an assumed constitutive model. Furthermore, many 
specimen geometries used constrain the development of localization that precedes failure, 
which often is triggered from stress concentrations at the edges. 
In an effort to add some clarity to the state of affairs, Kyriakides and co-workers 
used a custom designed test specimen and high resolution digital image correlation to 
establish the failure of Al-6061-T6 tubes under combined tension and torsion (Haltom et 
al., 2013; Scales et al., 2016, 2019). A test section is machined into a thicker tube that is 
mounted to a servo-hydraulic tension-torsion testing machine via well-aligned grips. The 
test section is wide and thin enough to permit a uniform plane stress state to develop to 
large deformations, and also allows the ensuing localization that precedes rupture to 
develop freely. The evolution of localization up to failure was captured using high-
resolution 3D digital image correlation (DIC). The experiments covered triaxialities in the 
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range of 0 to 0.577 and provided reliable data with small uncertainties and limited reference 
to constitutive models.  
 In these experiments the failure strains were found to monotonically decrease with 
increasing triaxiality, in concert with the decades old conventional claim. Furthermore, the 
failure strains for Al-6061-T6 were significantly greater than previously reported values 
for this alloy, with strain levels exceeding 100% for low triaxialities. Moreover X-ray 
tomography and microscale observations showed that void nucleation and growth for the 
alloy tested is limited until the very end of failure. Similar observations have also been 
reported by Ghahremaninezhed and Ravi-Chandar [2012, 2013]. One of the aims of this 
thesis is to simulate these experiments numerically using suitable constitutive models and 
explore the extent to which the large localized deformations can be reproduced without the 
introduction of damage mechanisms. 
1.2.4 Numerical Modeling of Ductile Failure 
Development of a reliable numerical analysis requires an appropriate and robust 
constitutive model that is able to characterize the mechanical behavior of the material under 
different loading conditions. For conventional plasticity, the adoptions of the yield function 
and hardening law are essential to the performance of the constitutive model. Isotropic 
yield functions have been widely used in the numerical analysis of ductile failure due to 
their simplicity (e.g., von Mises: Bao and Wierzbicki, 2004; Barsoum and Faleskog, 2007a; 
Mohr and Henn, 2007; Papasidero et al., 2014. Hosford: Papasidero et al., 2015). However, 
a number of recent works have shown that anisotropy of Al-alloys due to the manufacturing 
process can have a significant influence on the constitutive behavior and structural 
response of Al alloy thin-walled components (e.g., Korkolis and Kyriakides, 2008, 2009; 
Giagmouris et al., 2010; Tian et al., 2017; Kohar et al., 2017). The Hill48 quadratic yield 
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function has been adopted in several studies due to its simplicity (e.g., Dunand and Mohr, 
2010; Beese et al., 2010; Gross and Ravi-Chandar, 2014). The more advanced non-
quadratic yield functions of Barlat and co-workers Yld2000-2D, Yld2000-3D and Yld04-
3D have been shown in several studies to capture the anisotropy of Al-alloys most 
effectively (Yld2000-2D: Korkolis and Kyriakides, 2008, 2009; Pack et al. 2018. Yld2000-
3D: Dunand et al., 2012; Gorji and Mohr, 2018. Yld04-3D: Giagmouris et al., 2010; Tardif 
and Kyriakides, 2012; Kohar et al., 2017; Dick and Yoon, 2018; Ha et al., 2018). 
Consequently, the Yld04-3D model is adopted in this dissertation.  
Another essential component in large deformation and failure prediction analyses 
is an accurate representation of material hardening to large strains. The uniaxial tension 
test is commonly used to obtain the material response of sheet metal. The deformation in 
such tests stops being uniform at strains of the order of 10% due to necking. In sheet metal 
manufacturing practice, but also for some researches, the stress-strain response from a 
uniaxial test is often extrapolated to large deformations using one of the traditional fits such 
as the power-law hardening of Swift [1952] (e.g., Barsoum and Faleskog, 2007a; Bai and 
Wierzbicki, 2008; Dick and Yoon, 2018), the exponential hardening of Voce [1948] (e.g., 
Tian et al., 2017), or a combination of the two (Papasidero et al., 2014; Mohr and Marcadet, 
2015; Ha et al., 2018). The extrapolated stress-strain curves are usually verified by 
numerically reproducing structural responses of one or a set of experiments. However, 
verification through comparison to local deformations is often neglected, which makes 
such extrapolations questionable. Bridgeman [1944] proposed an approximate analytical 
method to extract the stress-strain response of a round specimen based on measurements 
of the diameter and profile radius of the neck, which however can not be applied to sheet 
metals directly. Tardif and Kyriakides [2012] extracted stress-strain curves from uniaxial 
tension tests of Al-6061-T6 sheets through an inverse method and the stress-strain curves 
 8 
were shown to depend on the yield function adopted. The study also pointed out the 
importance of incorporating anisotropy in the extraction of material hardening responses 
(see also Gross and Ravi-Chandar, 2015).  
The hydraulic bulge test (e.g., Mellor, 1956; Young et al., 1981; Reis et al., 2017) 
is another commonly used test for establishing the material hardening of thin sheets. The 
metal is subjected to nearly equibiaxial tension at the bulge apex which enables extraction 
of the material hardening to much larger strain than the uniaxial tension test. However, the 
stress and strain at the bulge apex may deviate from equibiaxial state due to material 
anisotropy, which may also be unknown before calibration. Moreover, it is not clear how 
the material anisotropy affects the hardening extraction process.  
Several simple shear tests are also used to extract the material hardening (e.g., 
Miyauchi, 1984; Kang et al. 2008; Yin et al., 2014; ASTM B831, 2014). For tubular 
specimen, pure torsion provides uniform shear deformation to quite large strains before 
failure (e.g., Chen et al., 2018; Scales et al., 2019). Again, the material anisotropy induced 
to the tubes due to the extrusion process must be appropriately incorporated in the 
hardening extraction. 
1.3:  OUTLINE 
In summary, modeling ductile failure in thin walled structures such as sheets and 
tubes requires an accurate representation of anisotropy and a reliable stress-strain curve. 
While the hydraulic bulge test has been commonly used to establish the forming limit of 
sheet metals under equibiaxial loading condition (e.g., Yousif et al., 1970; Rees, 1995; 
Lazarescu et al., 2012), it also provides important data for anisotropy calibration (Barlat et 
al., 2003, 2005; Dick and Yoon, 2018), and is a powerful tool to extract sheet metal 
hardening response to large strains. In an attempt to facilitate a better understanding of the 
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role of material anisotropy in the constitutive modeling of thin-walled structures, the first 
part of this work investigates the effects of anisotropy on the hardening extraction, and on 
structural responses of hydraulic bulge tests. The second part of this work aims to establish 
a numerical scheme that can reproduce the results of a set of combined tension-torsion 
experiments conducted in parallel. The effects of anisotropy on the hardening extraction, 
instability and structural responses of tubular specimens under tension-torsion are 
addressed. The dissertation is organized as follows: 
• Chapter 2 presents an iterative scheme to extract the material hardening responses of 
two anisotropic Al-alloys, Al-2024-T3 and Al-6022-T43, from bulge tests while 
simultaneously calibrating the material anisotropy.  
• In Chapter 3, the calibrated constitutive models are implemented in 3-D finite element 
models, and used to simulate the bulge tests. Details such as structural responses and 
localization are presented.  
• Chapter 4 presents calibration of anisotropy of Al-6061-T6 thin-walled tubes with data 
from tension-torsion and pressure-tension experiments. The material hardening 
response is extracted from a pure torsion test that accounts for the effects of material 
frame rotation.  
• In Chapter 5, the calibrated constitutive model is implemented in a 3-D finite element 
model to simulate the tension-torsion experiments. The effect of anisotropy and 
hardening models on the structural responses and the evolution of localized 
deformation are presented.  
• Finally, Chapter 6 summarizes the main conclusions from previous chapters and 










 Fig 1.1 Triangular cup drawing of Al-6016-T4 sheet: (a) failed specimen and (b) 
numerical simulation (contour of Hosford-Coulomb fracture indicator 











Fig 1.2 Two failure modes in the hot stamping of AA6082 sheet: (a) fast forming rate 
(0.64±0.01 m/s) failure due to radial tearing from the central hole and (b) slow 
forming rate (0.166±0.01 m/s) failure due to circumferential tearing at a mid-











Fig 1.3 Failure of Al6063-T6 tube after axial crushing (courtesy of Dr. Kaan Inal). 
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Chapter 2: Constitutive Modeling of Hydraulic Bulge Tests1 2 
2.1 INTRODUCTION 
The hydraulic bulge test has long been viewed as an essential complement to 
standard uniaxial tension tests in the material characterization of sheet metal. In its simplest 
form the test involves a circular disc clamped at the edge that is inflated with hydraulic 
pressure. The nearly equibiaxial stress state at the apex, and the continuous reduction in 
local radius as the bulge height increases, delay wall thinning and the limit pressure 
instability. Therefore, the material response extends to strain levels that are significantly 
larger than those of uniaxial tension tests. Extraction of the material response from this test 
requires first measurement of the local radius and strain at the apex, and second a flow rule 
appropriate for the material.  
Early measurements of the radius and strain at the bulge apex were manual and 
cumbersome (Mellor, 1956), and often required interrupting the test (e.g., Ranta-Eskola, 
1979). Measurements became automated and continuous by the introduction of a 
spherometer to measure the radius of the apex of the bulge combined with an extensometer 
mounted in the same device (Young et al., 1981). These innovations enabled the wider use 
of the bulge test in sheet metal material characterization (e.g., Santos et al., 2010). The test 
is also used to establish failure under equibiaxial stress states (e.g., Swift, 1952). 
Furthermore bulge tests employing elliptical shapes are used to develop forming limit 
                                                 
1 Chen, K., Scales, M., Kyriakides, S., Corona, E. (2016). Effects of anisotropy on material hardening and 
burst in the bulge test. Int’l J. Solids Struct. 82, 70-84. (Chen conducted the analysis, numerical simulations 
and helped write the paper) 
2 Chen, K., Scales, M., Kyriakides, S. (2018a). Material hardening of a high ductility aluminum alloy from 
a bulge test. Int’l J. Mech. Sci. 138-139, 476-488. (Chen conducted the analysis, numerical simulations and 
helped write the paper) 
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diagrams for various biaxial stress states (e.g., Yousif et al., 1970; Rees, 1995; Banabic, et 
al., 2001). 
The recent advent of more-advanced deformation diagnostic techniques has further 
simplified the acquisition of these measurements (e.g., Dziallach et al., 2007; Rana et al. 
2010; Koc et al., 2011). The development of digital image correlation (DIC) has provided 
perhaps the most direct technique for continuous monitoring of the surface strains and 
shape of the apex (e.g., Vucetic et al., 2011; Friebe et al., 2013––see also Lazarescu et al., 
2013; Mulder et al., 2015).  
Analytical considerations of the bulge test have an equally long history, beginning 
with Gleyzal [1948] and Hill’s [1950] extension of an approximated but insightful analysis 
of the problem. The approximate solution of an axisymmetric membrane bulge relating the 
height of the bulge to the induced strain was for a long time the standard tool for extracting 
the material response from the bulge test. Chakrabarty and Alexander [1970] pushed Hill’s 
analysis forward by considering the effects of material hardening. However, the influence 
of factors such as the bulge radius-to-thickness ratio and through thickness effects  (e.g., 
Lemoine et al., 2011; Friebe et al., 2013; Mulder et al., 2015), and effects of different 
hardening behavior and anisotropy (e.g., Bramley and Mellor, 1966; Rees, 1995; Aretz and 
Keller, 2011; Reis et al., 2017) have remained issues of concern until today. 
In this chapter we take what we consider a holistic approach to the analysis of the 
bulge test. The anisotropy of the sheet is established through a separate set of experiments 
that are used to calibrate the Barlat et al. [2005] non-quadratic anisotropic yield function. 
The stress-strain response of the material is extracted from the measurements of the bulge 
test using the measured strains and radii of curvature at the apex. The stress state at the 
apex is not assumed to be equibiaxial a priori and consequently the extraction process 
involves an iterative solution of the relevant field equations. In keeping with the thesis that 
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extracted material responses are influenced by the constitutive model adopted (Tardif and 
Kyriakides, 2012), stress-strain responses are also extracted for the isotropic yield 
functions of von Mises and Hosford with an exponent of 8 (Hosford, 1972).  
2.2 ESTABLISHMENT OF THE STRESS STATE AT THE APEX  
Extraction of the material stress-strain response from such bulge test results 
requires establishment of the induced stresses, at least at the apex. In the literature, the 
stress state at the bulge apex is commonly assumed to be equibiaxial (see Atkinson, 1997; 
Gutscher et al., 2004; Yanaga et al., 2012; Marandi et al., 2017), which is typically true for 
isotropic materials. The results of the bulge test presented in Section 2.2 of Chen et al. 
[2016] indicate that our sheet metal exhibits some anisotropy as the measured strains and 
radii of curvature at the apex in the x '  (rolling) and ¢y  (transverse) directions were 
somewhat different. In addition, a small amount of in-plane shear strain developed. We 
assume that a membrane state of stress exists so that the out-of-plane equilibrium at the 









,     (2.1) 
where (t x ',t y ') are the unknown true stresses in the two material directions, (rx ', ry ')are 
the measured local radii of curvature and t is the current apex thickness that is evaluated 
from incompressibility. A small amount of shear strain was measured due to both 
anisotropy and non-uniformities in clamping, and correspondingly a small amount of in-
plane shear stress, t x ' y ' ,  exists at the apex. It is convenient to form the following stress 
ratios: 
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,    (2.3b) 
where F  is an anisotropic yield function. Assuming elastic deformations to be negligibly 
small, the two strain ratios are evaluated directly from the measured strains. The nonlinear 
Eqs. (2.3) are solved numerically for  and  for each strain increment and the 
corresponding stresses are then evaluated from (2.2).  
It should be noted the above formulation is necessary when the shear deformation 
cannot be neglected at the apex. For example, in the cases of elliptical bulge tests where 
the material axes are not aligned with the principal axes of the elliptical dies, a significant 
amount of shear strain is expected to develop in the material frame of an anisotropic 
material. However, for circular bulge tests of orthotropic materials, the shear strain 
developed at the apex is usually negligible compared with the normal strains in the material 
frame. Thus the formulation above reduces to the single stress ratio  
t y ' = at x ' ,      (2.4a) 


































   (2.4b) 
Similarly, using an anisotropic yield function, F , in the flow rule the instantaneous strain 
ratio is related to the stress ratio through  
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.     (2.5) 
The instantaneous strain ratio is evaluated from the measured strains by assuming 
the elastic deformations to be negligibly small. Equation (2.5) is solved numerically for 
each strain increment and the corresponding stresses follow from (2.4). The calculated 
stresses are used in the yield function to form the equivalent stress, te, while the plastic 
equivalent strain increment is given by: 
  dee
p =
t x 'dex '
p +t y 'dey '
p + 2t x ' y 'dexy '
p
te
.   (2.6) 
If the shear strain is small enough to be neglected, Eq. (2.6) reduces to 




t x 'dex '
p
+ t y 'dey '
p
te
.      (2.7) 
Using this procedure the plastic equivalent stress-strain response of the material is 
generated incrementally. For comparison, material responses will also be generated for the 
isotropic yield functions of von Mises and the non-quadratic one due to Hosford [1972] 
(see Section 2.3). The apex in these cases is assumed to form a spherical cap with a radius 
, which is calculated from the DIC data by fitting a sphere to the coordinates of all points 
within a 0.6-in (15.2 mm) radius of the apex. Thus the stresses are given by 
   t1 = t2 =
Pr
2t
= te.     (2.8a) 
The measured logarithmic strains (ex ',ey ')are averaged and thus  
  de1 = de2  and dee
p = 2de1
p.     (2.8b) 
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2.3 CONSTITUTIVE MODELS AND CALIBRATION  
In past works it was demonstrated that the constitutive model used in the modeling 
of forming and other large deformation processes can influence the prediction of 
localization that precedes failure in thin-walled structures (Korkolis and Kyriakides, 2008a, 
2008b, 2009; Korkolis et al. 2010; Giagmouris et al., 2010). Furthermore, Tardif and 
Kyriakides [2012] showed that the material response, which by necessity is usually 
extracted from inhomogeneous stress and strain states using inverse analysis, depends also 
on the constitutive model. Consequently three different constitutive models are adopted in 
the extraction of the stress-strain response. Non-quadratic yield functions are adopted in 
the modeling of the plastic behavior of the present Al-2024-T3 alloy, and anisotropy will 
be modeled through the 3-D yield function of Barlat and coworkers, Yld04-3D (Barlat et 
al., 2005). 
In the modeling that follows, isotropic plasticity is modeled through Hosford's 
[1972] yield function, which in terms of the principal values of the stress deviator is given 
by:  
   s1 - s2
k
+ s2 - s3
k




     (2.9) 
(k = 2 represents the von Mises yield function). The exponent 
  
k is assigned the value of 8 
as is typical for FCC alloys (Logan and Hosford, 1980). 
Anisotropy is introduced using the yield function proposed in Barlat et al. [2005]. 
The model introduces anisotropy through two linear transformations to construct the 
tensors ¢S , ¢¢S  from the Cauchy stress tensor  as follows:  
  and     (2.10) 
where ¢C , ¢¢C , T , ¢L  and ¢¢L  are transformation matrices through which anisotropy is 
introduced. 
  
T  is the standard linear transformation of  to its deviator 
  









     
The principal values of the linearly transformed stress tensors 
  
¢ S and 
  
¢ ¢ S , respectively  
  
( ¢ S 1, ¢ S 2, ¢ S 3) and 
  
( ¢ ¢ S 1, ¢ ¢ S 2, ¢ ¢ S 3), are evaluated analytically using Cardan’s method. The 
solutions as well as the first and second derivatives of the yield function with respect to the 
stress components, which are required for the flow rule and a consistent tangent modulus, 
are given in Barlat et al. [2005] and Yoon et al. [2006]. The Yld04-3D yield function is 
then written as:    
F = [( ¢S1 - ¢¢S1
k
+ ¢S1 - ¢¢S2
k
+ ¢S1 - ¢¢S3
k





+ ¢S2 - ¢¢S3
k
+ ¢S3 - ¢¢S1
k
+ ¢S3 - ¢¢S2
k
+ ¢S3 - ¢¢S3
k
) / 4]1/k
   (2.12) 
with 
  
k = 8. 
2.3.1 Characterization of Anisotropy 
The model is calibrated using the series of tests on specimens extracted from Al-
2024-T3 sheet metal as recommended in Barlat et al. [2005] (see Chen et al. [2016]). 
Included are seven tensile stress-strain responses from specimens extracted at 15o intervals 
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between the rolling and transverse directions (Fig. 2.1a), and results from three plane strain 
tests on specimens extracted as shown in Fig. 2.1b. Since the main objective of the present 
study is the simulation and failure in bulge tests, we include in the calibration a set of data 
from the bulge test itself (Fig. 2.1c). 
Figure 2.2a shows truncated the true stress-logarithmic strain responses from the 
seven tensile tests and Fig. 2.2b the axial vs. transverse strain plots.   
The purpose of the plane strain tests is to provide additional results under biaxial 
stress states. Finite element analysis was used to design the specimen geometry to ensure 
nearly zero transverse strain at the center of the test section (see Fig. 2.3a). The in-plane 
strains in the test section were monitored with DIC. The axial strain was also monitored 
with a strain gage installed at the center of the backside of the specimen (provides an 
independent check of the DIC results). The results showed the transverse strain in the center 
of the specimen to be very small. The axial true stress (t x ) is evaluated from the recorded 
force by dividing by the current cross sectional area at mid-span as follows: 
Ao / (1+ex ) = A , where ex  is the axial strain in the center of the specimen and Ao  is the 
initial cross sectional area ( o ow t ). Figure 2.3b shows the true stress-logarithmic strain 
responses recorded in the three directions. The small differences between them are caused 
by anisotropy. 
a. Calibration of Al-2024-T3 
The calibration of the anisotropic yield function (2.12) follows the procedure in 
Tardif and Kyriakides [2012] (similar to Appendix B of Barlat et al. [2005]), where the 
bulge test data were not available in their calibration. In the absence of through thickness 
shear measurements { ¢c44, ¢c55, ¢¢c44, ¢¢c55} are assigned the value 1.0. The rest of the 
coefficients were determined by minimizing an error function that is developed as follows.  
 21 
(i) Uniaxial Tension Tests 
The plastic work is determined from the measured responses as follows: 
  W p = t x
0
ex1
ò dexp    ®   t xq (W p)     (2.13) 
The stresses in the material frame ( ¢x , ¢y )  are given by  
   (2.14) 
Designating F  as the yield function associated with (2.12),  
         (2.15) 
and the following error function is established 
 
where t x '0(W
p) is the stress in the rolling direction stress-strain response at the chosen 
value of 
  
W p (= 3000 psi––20.7 MPa) from (2.13). 
The 
  






















.  (2.17) 
Using the flow rule evaluate  




















= Rqf  and form the error function  
 
 (ii) Plane Strain Tests 
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W p is defined again as in (2.13). t y  was assumed to be t x / 2  (introduces a small 
error). Then  
  {t ¢x ,t ¢y ,t ¢x ¢y } = {t x,t y, 0}W p
T1(q) ,    (2.20) 
where T1(q )  is the usual transformation matrix for 2-D stress states. The equivalent stress 
  
teq  at the same W
p  based on {t ¢x ,t ¢y ,t ¢x ¢y } is evaluated from (2.15) and is compared to 
t x '0(W
p
)  in an error function like the one in (2.16). 
(iii) Bulge Test 





p,ex ' y '
p } at the apex and estimates of the stresses 
{t x ',t y ',t x ' y '}  are used to evaluate te at the chosen value of W
p . This is then compared 
to t x '0(W
p
)  in an error function like the one in (2.16). The flow rule (2.18) is then used 
to evaluate the strains d ¢eij
p








. This is compared with the constant experimental value rbex  in Fig. 2.4a in the 
following error function:  
 
The optimal values of the anisotropy coefficients ( ¢cij, ¢¢cij ) are then chosen by 
minimizing the following weighted sum of these error functions: 
 
where the first series represents the errors from the m flow stresses, the second the errors 
from the n r-values established, and (
  
wm,wn) are weight functions that represent the 
confidence level assigned to each particular experiment. In particular, larger weight 
functions are assigned to the bulge test to better capture the anisotropy near equibiaxial 
stress state. The minimization was performed using the routine NMinimize of Mathematica. 
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Note that the flow stresses {t x ',t y ',t x ' y '}  corresponding to the measured strains 
at the apex of the bulge test must be established. Since the extraction of the stresses depends 
on the yield function adopted as described in Section 2.2, the calibration becomes 
somewhat more complicated and requires an iterative process. In each iteration, the 
uniaxial and plane-strain test data used in the error function (2.22) is not changed, while 
data from the bulge test is updated from one iteration to the next. 
(i) The initial values of the stresses and strain ratio at the apex are set at 
 / 2x y P t     , 0x y     and 1( )
p p
by x
de de r     
The error function (2.22) is minimized yielding a first guess for { ¢cij, ¢¢cij}. 
(ii) The stress history at the apex is recalculated using the newly-calibrated yield function 
and flow rule as outlined in Section 2.2. The new values of the stresses and plastic strains 
are used to establish new values of {t x ',t y ',t x ' y '}  and rb  at the chosen value of 
  
W p (= 
3000 psi––20.7 MPa). 
(iii) The new values of {t x ',t y ',t x ' y '}  and rb  are compared with the corresponding values 
in the previous iteration. If they do not agree, the new values are used to re-calibrate the 
yield function. The process is repeated until the results converge. The converged values of 
the anisotropy parameters are listed in Table 2.1. 
Table 2.1 Yld04-3D anisotropy parameters for Al-2024-T3 
¢c12  
  
¢ c 13 
  
¢ c 21 
  
¢ c 23 
  
¢ c 31 
  
¢ c 32 
  
¢ c 44 
  
¢ c 55 
  
¢ c 66 
1.1733 1.0323 1.0437 0.9667 0.5371 0.9256 1.0 1.0 1.1697 
  
¢ ¢ c 12 
  
¢ ¢ c 13 
  
¢ ¢ c 21 
  
¢ ¢ c 23 
  
¢ ¢ c 31 
  
¢ ¢ c 32 
  
¢ ¢ c 44 
  
¢ ¢ c 55 
  
¢ ¢ c 66 
0.5210 1.1038 0.9028 1.0024 1.1343 1.1124 1.0 1.0 0.8924 
 
Figure 2.4a shows a plot of measured values of ex '  vs. ey '  at the apex forming a 
ratio of 1.044. The value calculated forms essentially the same ratio and is not included in 
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the figure. Figure 2.4b shows plots of the calculated stress-logarithmic plastic strains at the 
apex in the rolling and transverse directions. They follow essentially identical trajectories, 
which is a reflection of the near unity of the measured rb . 
In general the results of such calibration processes are not unique. In the way of 
evaluating the performance of the calibration process, the calibrated yield function and 
some of the corresponding experimental points are compared in Fig. 2.5 (T tension, PS 
plane strain, Bu bulge test). Plotted are the stresses t x ' /t x '0vs. t y ' /t x '0  for different 
values of normalized shear stress (t x ' y ' /t x '0 ) where t x '0  is the measured stress in the x' 
direction at the chosen value of 
  
W p (as in Barlat et al., 2005). The comparison of 
measurements and the calibrated yield contours is quite favorable.  
It is interesting to perform a similar comparison of the experimental stresses with 
predicted work contours using the Hosford yield function (2.9) with exponent 8. The 
comparison is performed in Fig. 2.6. Differences between the calculated work contours and 
all but two experimental points are observed. Clearly these differences are mainly caused 
by anisotropy. 
b. Calibration of Al-6022-T43 
To test the robustness of the extraction scheme, a bulge test was conducted on a 
more ductile aluminum alloy Al-6022-T43 (see Chen et al., 2018a). In this case the shear 
strain at the apex is negligibly small which simplifies the calibration process. Figure 2.7a 
shows a plot of measured values of ex '  vs. ey ' at the apex forming a ratio of 1.18, which 
is a manifestation of the more significant anisotropy than that of Al-2024-T3. Following 
the similar iteration procedure to that outlined above, the stress state at the apex is 
established. It is plotted against the measured logarithmic plastic strains in the rolling and 
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transverse directions in Fig. 2.7b. It can be seen that the stresses in the two directions are 
significantly different due to the pronounced anisotropy of the material. 
The bulge test data are again used in combination with seven uniaxial tension tests 
and three plane strain tension tests (see Chen et al., 2018a) to calibrate the Yld04-3D model 
through a similar process but at relatively lower plastic work W p =10.3 MPa (1500 psi). 
The values of the anisotropy parameters determined from this calibration process are listed 
in Table 2.2. 
The calibrated yield contours and some of the corresponding experimental points 
are compared in Fig. 2.8 at W p =10.3 MPa (1500 psi) for different values of normalized 
shear stress (t ¢x ¢y /t ¢x 0 ) . The comparison of experimental data and the calibrated work 
contours is quite favorable. Figure 2.9 shows a similar comparison of the work contours 
corresponding to the isotopic version of the yield function in Eq. (2.9) (H8) with the same 
experimental data. Significant differences between the calculated work contours and all but 
two experimental points are observed, which must be the result of the anisotropy in the 
sheets. The results in Figs. 2.8 and 2.9 provide further support for the validity of the results 
of the anisotropy calibration procedure. 
Table 2.2 Yld04-3D anisotropy parameters for Al-6022-T43 
¢c12  ¢c13  ¢c21 ¢c23  ¢c31 ¢c32  ¢c44  ¢c55  ¢c66  
1.0140 0.5047 0.7951 0.6976 0.5089 0.4509 1.0 1.0 1.1980 
¢¢c12  ¢¢c13  ¢¢c21 ¢¢c23  ¢¢c31 ¢¢c32  ¢¢c44  ¢¢c55  ¢¢c66  
1.0217 1.4496 0.8892 1.1418 1.3136 1.5447 1.0 1.0 0.5664 
In closing this section, it is worth pointing out that the performed calibration of the 
Yld04-3D is influenced by the weights adopted in the optimization function (2.22). These 
are based on the degree of confidence placed on each measurement. In the present iterative 
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scheme used, the results can also be influenced to some degree by the initial guess in the 
bulge apex stress values (step (i) above). 
2.3.2 Extraction of the Stress-Strain Response from the Bulge Test 
Once the in-plane stresses at the bulge apex are evaluated, the equivalent stress can 
be established using the yield function (2.12). The corresponding equivalent plastic strain 
is then established for each value of stress using (2.6) or (2.7). The resultant equivalent 
stress-plastic strain response is shown in Fig. 2.10 (Yld04-3D). Included are the measured 
tensile responses in the rolling and transverse directions, which terminate at strains of about 
12% because of localized necking. As expected, the bulge test response extends to about 
27.5% plastic strain. Its trajectory has a similar shape as those of the uniaxial responses 
and falls closer to the x '  response. At higher strain values the plastic modulus continues 
its gradual reduction, a clear indication that linear extrapolation of uniaxial tensile stress-
strain data beyond the values at the load maximum is not prudent. 
Included for comparison is the material response extracted from the bulge test using 
the Hosford yield function (H8) assuming isotropic yielding and fitting the apex with a 
best-fit sphere. Under these conditions the von Mises yield function yields the same results 
(vM). The calculated response has a similar shape to that yielded by Yld04-3D but traces 
a somewhat lower stress. 
Finally, it is worth pointing out that because the anisotropy of the Al-2024-T3 sheet 
analyzed is relatively modest, the contribution of the shear stress-strain response at the 
apex, (t - e
p)x ' y ' is quite small. Consequently, neglecting the shear strain at the apex does 
not alter either the anisotropy parameters or the extracted stress-strain response in any 
significant manner. 
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In a similar fashion, the equivalent stress-strain response for Al-6022-T43 is also 
extracted from bulge test data, as shown in Fig, 2.11. The response has a yield stress of 
about 138 MPa (20 ksi) and rises to 379 MPa (55 ksi) at the terminal strain of just over 
0.60. Included in the figure are the measured uniaxial responses in the rolling, ¢x , and 
transverse, ¢y , directions. The two responses exhibit a similar hardening, with the rolling 
direction uniaxial response tracing a slightly higher stress trajectory, and the transverse 
direction slightly lower. Both terminate at strains of about 0.20, which demonstrates the 
advantages of using the bulge test to establish the material response of sheet metal.  
Also included in Fig. 2.11 is the stress- strain response extracted from the bulge test 
results using the von Mises (vM) and Hosford yield functions (H8). The response follows 
a similar trajectory, tracing slightly lower stress levels than the Yld04-3D results. This can 
be explained by comparing the work contours corresponding to t ¢x ¢y = 0   of the three models 
in Fig. 2.9. In the neighborhood of equibiaxial stress the three contours are very similar 
which leads to similar equivalent stress for the extracted response. The implications of this 
similarity on the numerical simulation of the bulge test will be discussed in Chapter 3.  
2.3.3 Comparison with Swift and Voce Extrapolations 
In the sheet metal manufacturing practice the bulge test is often avoided. The 
alternative method of extracting the material response from the necked regime of a uniaxial 
test using inverse analysis (e.g., Tardif and Kyriakides, 2012) is even more challenging and 
less common. Instead, the stress-strain response from a uniaxial test is often extrapolated 
using one of the traditional fits such as that of Swift [1952] or Voce [1948]. The first, 
t = k(A +ep)N , assumes powerlaw hardening and in the second, 
t = a + (to - a)exp(-be
p), the hardening decays exponentially at higher strains. In the way 
of evaluating their performance against the stress-strain response extracted from the bulge 
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test, the two expressions are fitted to the uniaxial responses measured in the rolling 
direction. The fitting parameters are listed in Table 2.3 for Al-2024-T3 and Table 2.4 for 
Al-6022-T43, respectively. The resultant stress-plastic strain responses are plotted in Figs. 
2.12a  and 2.12b  together with the responses extracted from the bulge tests. 




































It can be seen from Fig. 2.12a that for Al-2024-T3 that beyond plastic strain of 
about 0.15 the Swift fit overestimates the hardening responses while the Voce 
underestimates it. However, the difference between the two fits and the bulge test response 
is not very significant since the maximum strain extracted from bulge test is not sufficiently 
large. 
For Al-6022-T43 the bulge response extends to a strain of 0.60, and the results of 
the two fits appear in Fig. 2.11b. The two expressions fit the bulge response well up to a 
plastic strain of about 0.20. But at higher strains the Swift extrapolation again overestimates 
the bulge response and the Voce extrapolation underestimates it. The deviations from the 
bulge response increase with strain and become unacceptably large at the highest strain 
values (see also Suttner and Merkelein, 2016; Reis, et al., 2017). Differences of this 
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magnitude in plastic modulus can lead to significant errors in the prediction of instabilities 
such as localization and wrinkling that are common in sheet metal forming.  
2.4 SUMMARY AND CONCLUSIONS 
The hydraulic bulge test enables direct measurement of the material stress-strain 
response of sheet metal to strains far larger than other tests. The nearly equibiaxial stress 
state and continuous reduction of the local radius at the apex delay wall thinning and the 
associated limit pressure instability. 
A methodology has been developed for incorporating anisotropy in the extraction 
of the material stress-strain response from a bulge test. It requires accurate measurement 
of the deformation at the apex and a flow rule based on a yield function that captures the 
prevalent material anisotropy.  
Because of the relatively large radius-to-thickness ratio of our bugle test, the usual 
assumption of a membrane state of stress at the apex is maintained but without assuming 
an equibiaxial state of stress or strain. Instead, the analysis uses the two measured radii of 
curvature and strains at the apex. The stresses are then evaluated through an iterative 
procedure that incorporates equilibrium and the flow rule based on the anisotropic yield 
function. Although the anisotropy in the sheet metals analyzed was relatively small, the 
extracted stress-strain response differs from the one produced by the isotropic yield 
functions.  
Extrapolations of the uniaxial stress-strain response based on the commonly used 
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Fig. 2.1 Tests used to calibrate the Yld04-3D yield function. (a) Seven tension specimens extracted at 15o intervals. (b) 





   
Fig. 2.2 (a) True stress-logarithmic strain responses for the seven uniaxial tension tests 












         
 
Fig. 2.4 (a) Transverse direction strain vs. rolling direction strain extracted from the 
bulge test of Al-2024-T3. (b) Calculated stress-plastic strain responses for the 










Fig. 2.5 Calibrated Yld04-3D yield surfaces for Al-2024-T3 for different values of 
normalized shear and experimental data points (solid bullets––T tension, 










Fig. 2.6 H8 yield surfaces for different values of normalized shear compared with 






Fig. 2.7 (a) Transverse direction strain vs. rolling direction strain extracted from the 
bulge test of Al-6022-T43. (b) Calculated stress-plastic strain responses for 










Fig. 2.8 Calibrated Yld04-3D yield surfaces for Al-6022-T43 for different values of 
normalized shear and experimental data points (solid bullets––T tension, 










Fig. 2.9 H8 yield surfaces for different values of normalized shear compared with 
experimental data points (solid bullets) of Al-6022-T43.Included are vM and 









Fig. 2.10 Extracted equivalent stress-plastic strain responses for Al-2024-T3 using 
Yld04-3D, H8 and vM yield functions. Included are the stress-plastic strain 







Fig. 2.11 Extracted equivalent stress-plastic strain responses for Al-6022-T43 using 
Yld04-3D, H8 and vM yield functions. Included are the stress-plastic strain 






Fig. 2.12 Comparison of the equivalent stress-plastic strain response evaluated from the 
bulge test, and extrapolations of the uniaxial tension response of Swift and 
Voce for (a) Al-2024-T3 and (b) Al-6022-T43. The solid bullets in (b) 
identify the values of equivalent stress and strain at the pressure maximum 





Chapter 3:  Numerical Simulation of Hydraulic Bulge Tests3 4 
Bulge tests performed on Al-alloy sheet metal using the testing facility in Chen et 
al., [2016] are simulated using 3-D finite element models developed in ABAQUS [2010]. 
The anisotropic yield function calibrated in Chapter 2 is incorporated via a UMAT (Yoon 
[2009, 2011]) together with the extracted hardening response of the material. Of particular 
interest is the effect of the constitutive model on the ensuing instability. 
3.1 IDEALIZED FINITE ELEMENT MODEL  
The test facility used to perform the bulge tests is shown schematically in Fig. 3.1. 
We start with an idealized model of the test set up that can be used for parametric studies 
of bulging. A model that more closely resembles the experimental setup will be discussed 
in Section 3.3. The idealized model consists of a complete disc and the contacting part of 
the clamping ring (see Fig. 3.2). The disc has a radius Ro =3.85 in (97.8 mm) and a wall 
thickness to = 0.040 in (1.02 mm). Its outer edge is at the location of the draw bead in the 
physical bulge tester so that its outer annulus is in contact with the clamping ring as shown 
in Fig. 3.2b. This leaves an open section of radius R = 3.00 in (76.2 mm).  
The disc is discretized with eight-node, reduced integration, linear solid elements 
(C3D8R). For better visualization Fig. 3.2a depicts only a quarter of the actual disc mesh. 
Discretization details follow: 
a. Five elements are used through the thickness. 
                                                 
3 Chen, K., Scales, M., Kyriakides, S., Corona, E. (2016). Effects of anisotropy on material hardening and 
burst in the bulge test. Int’l J. Solids Struct. 82, 70-84. (Chen conducted the analysis, numerical simulations 
and helped write the paper) 
4 Chen, K., Scales, M., Kyriakides, S. (2018a). Material hardening of a high ductility aluminum alloy from 
a bulge test. Int’l J. Mech. Sci. 138-139, 476-488. (Chen conducted the analysis, numerical simulations and 




b. In order to facilitate the anticipated localization, a one-inch square section in the center 
of the disc is assigned a refined nearly-isotropic mesh with 4240 elements. A narrow 
linear ( 12 2w L ) thickness imperfection with thickness (to - Dt) is introduced at the center 
of this section to trigger localization as shown in the figure.  
c. The mesh of the outer part of the model has a nearly-uniform angular distribution of 
elements of 2.195  and the following radial distribution of elements: 
- For 2.85"£ r £ 3.85" ( 72.4 £ r £ 97.8 mm) there are 14 elements of the same width 
- For 1.215"£ r £ 2.85" (30.9 £ r £ 72.4 mm) there are 20 elements with a bias ratio of 
1.2 
- The circular zone ( r £1.215"–– r £ 30.9mm) that surrounds the fine square mesh has 
16 elements with a bias ratio of 2. 
- The nodes at the outer edge of the model are fixed. 
d. The surface of the clamping ring is modeled as an analytical rigid surface that is fixed 
in space. It has a flat outer section and ends in a radius of 0.315 in (8.0 mm). Contact 
between the disc and the rigid surface of the clamping ring is frictionless. Surface-to-
surface contact with "finite sliding" is adopted. An exponential “softened” contact 
pressure-overclosure relationship is used. 
The model disc is pressurized by prescribing the fluid flux in a cavity below it 
(volume-controlled pressurization, see Fig. 3.2b). A cavity depth of 0.131 in (3.33 mm) is 
chosen to correspond to the height of the draw bead. The cavity is enclosed by 19924 four-
node fluid elements (F3D4).  
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3.2 NUMERICAL RESULTS 
3.2.1 Structural Responses 
Numerical results for an imperfection amplitude of 0.01 to are now used to illustrate 
the performance of the model. Emphasis will be given to results based on the Yld04-3D 
constitutive model (Yoon [2009, 2011]), but select predictions based on H8 and vM will 
be included for comparison. Figure 3.3a shows the calculated pressure-cavity volume 
response ( P -u /uo, o  initial volume of cavity) and Fig. 3.3b the corresponding 
pressure-bulge height response ( P -h / R ). Both responses initially rise essentially 
linearly. They start to exhibit some reduction in stiffness around 1000 psi (69 bar). The 
stiffness reduction continues at an increasing pressure and in the absence of an imperfection 
would typically lead to a pressure maximum associated with the induced wall thinning. In 
the present case, the imperfection leads to localization, which in turn causes a pressure 
maximum at 1345.9 psi (92.82 bar) followed by a sharp drop in pressure.  
It is important to emphasize that because of the anisotropy, a separate study was 
performed to determine the orientation of the imperfection at which the lowest maximum 
pressure occurred. Figure 3.4 shows the pressure maximum calculated for different 
orientations for a thickness imperfection of 1%. The minimum value is achieved when the 
linear imperfection is oriented at about 45o to the rolling direction. This orientation is 
selected for all subsequent calculations using Yld04-3D. 
3.2.2 Localization 
An expanded P -u /uo plot of the neighborhood of the pressure maximum is 
shown in Fig. 3.5a and six corresponding deformed configurations of the zone containing 
the imperfection appear in Fig. 3.5b (the imperfection is four elements wide by forty 
elements long). Color contours superimposed on the images correspond to the equivalent 
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plastic strain. Image  is well before the pressure maximum and as a result the strain inside 
the imperfection band is approximately the same as the full-thickness material on either 
side of it. In image , closer to the maximum, the deformation inside the band starts to 
grow faster than its neighborhood. In image , essentially at the pressure maximum, the 
strain inside the band has grown even more and the difference with the strain outside it 
becomes more distinct, all strong signs that the deformation is localizing in the band. 
Indeed the localization accelerates in images  to  with the overall pressure decreasing 
sharply. 
A more quantitative view of the localized wall-thinning that takes place in the 
neighborhood of the pressure maximum is shown in Fig. 3.6 where the through-thickness 
logarithmic strain, ez , at two points at the apex of the bulge are plotted against u /uo. 
Point A is inside the band at the apex and point B corresponds to the second element from 
the edge of the imperfection on the common meridian that is perpendicular to the band. 
The wall thinning at the two points follows the same trajectory up to a volume of about 4.4
uo , which corresponds to a pressure of 1140 psi (78.6 bar). Beyond this point the two 
trajectories start to deviate from each other with the strain at point A growing progressively 
faster. As the value of u /uo that corresponds to the pressure maximum is approached, the 
wall thinning at point A experiences precipitous growth at Pmax  and beyond. By contrast, 
ez  at point B follows the expected trend up to Pmax  and starts to increase beyond it due to 
the drop in the pressure under the bulge. The strain inside the band becomes unrealistically 
large and the calculation is terminated soon after point . Alternatively, the calculation 
can be terminated with the introduction of a failure criterion. Even at the pressure 
maximum the strain within the imperfection reached values on the order of 50%. Since our 
measured material response terminated at a strain of about 30%, it was extrapolated linearly 
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to allow the calculation to continue. Because of this calculations beyond Pmax  are less 
dependable.  
3.2.3 Yield Function and Imperfection Sensitivity 
Similar calculations were performed using the vM and H8 yield functions and the 
corresponding stress-strain response (see Fig. 2.10). These are isotropic models and thus 
the orientation of the imperfection does not affect the results. The calculated P -u /uo and 
P -h / R  responses are included in Figs. 3.3a and 3.3b respectively. Both types of 
responses are similar for all three constitutive models up to pressure levels of about 1150 
psi (79.3 bar). At higher pressures, as they become more nonlinear, the Yld04-3D response 
traces slightly higher pressure values. However, the main difference is in the onset of 
localization. In the case of H8, deformation in the imperfection localizes in a similar 
manner as for Yld04-3D but at a higher volume and slightly lower pressure (1337 psi––
92.2 bar). By contrast, the 1% thickness imperfection constitutes too small of a disturbance 
for the vM model and it does not localize; it does so for higher values of Dt  when 
localization is delayed even more than for H8. The relatively small differences between the 
Yld04-3D and H8 models are of course mainly caused by the fact that the material 
anisotropy is quite small (especially the value of rb). The difference with the vM 
predictions is larger because of yield function shape differences implied by its quadratic 
nature. 
In such calculations the pressure maximum represents the bulge burst pressure. This 
value is of course dependent on the amplitude of the imperfection used. Figure 3.7 shows 
P -u /uo responses calculated with the Yld04-3D model for imperfections values 
0 £ Dt / to £ 3%. In the absence of an imperfection, the response develops the natural 
pressure maximum at 1366.8 psi (94.26 bar). As the imperfection amplitude increases the 
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burst pressure decreases reaching a value of 1237.3 psi (85.33 bar) for 3% amplitude (see 
Table 3.1). 
Table 3.1 Burst pressure for various imperfection amplitudes predicted using the 
idealized FE model (Yld04-3D) 
Dt / to  
(%) 
0 0.5 1.0 2.0 3.0 












3.3 MODEL THAT INCLUDES THE DRAW BEAD 
3.3.1 Detailed Clamping Process 
It is interesting that in the experiments discs burst consistently at somewhat higher 
pressures than the pressure maxima of the simulations listed in Table 3.1, which ranged 
between 1413-1468 psi (97.45-101.2 bar). The main cause of this difference is the fixed 
boundary condition imposed to the edge of the disc in the idealized FE model adopted thus 
far (see Fig. 3.2). In the experiments, the disc is pressed over the draw bead by the clamping 
ring. It was observed that this condition allowed the edge of the disc to slide a small amount 
over the draw bead thus feeding material into the bulging section. To investigate the 
influence of this effect on the solution, the FE model was expanded to include the draw 
bead and the mating groove in the clamping ring.  
A cross section of the expanded version of the model and the disc mesh is shown 
in Fig. 3.8a. It represents quite accurately the geometry of the experimental setup (see Fig. 
3.1). The main part of the disc mesh remains nearly the same but the annulus beyond the 
draw bead is added to it. It follows the same angular distribution of elements as that given 
in Section 3.1, but has a finer radial distribution in the neighborhood of the draw bead as 
depicted in the figure. The base of the model, the draw bead and the clamping ring are 
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modeled as analytical rigid surfaces. The same surface-to-surface contact algorithm with 
finite sliding is adopted but now contact is frictional with Coulomb friction coefficient .  
An additional step that mimics the clamping process used in the experiment is 
added to this model. The initial configuration of the model is shown in Fig. 3.8a. Clamping 
involves incrementally displacing the clamping ring downwards while keeping the volume 
in the cavity constant. In the process, the disc locally conforms to the shape of the draw 
bead and the mating groove in the clamping ring while the pressure under the disc 
increases. When the clamping ring reaches a predetermined position relative to the base, 
the two rigid surfaces are fixed in space. Figure 3.8b shows a cross sectional view of the 
deformation induced by clamping in the neighborhood of the draw bead. Furthermore, the 
deformation has resulted in significant straining of the arch formed at the crest of the bead. 
It is worth mentioning that the design of the experiments involved variation of the shape 
of the groove and the extent of clamping in order to minimize this strain to avoid premature 
failure at this location. 
3.3.2 Structural Responses 
After clamping, the disc is pressurized by prescribing incrementally the fluid flux 
into the cavity below the disc. Results from simulations using the new model for the same 
disc analyzed earlier are now used to illustrate the difference. The solution exhibits 
essentially the same imperfection sensitivity as before, so Dt = 0.01to is chosen for this 
demonstration. As will be shown below, the new solution is also influenced by the friction 
coefficient adopted, so the value of  = 0.3 is used here. Calculated P -h / R  and P -u /uo 
responses from the "draw bead" model (DB) are compared to corresponding ones from the 
idealized model with fixed edge (FXE) in Figs. 3.9a and 3.9b respectively. The initial parts 
of the DB responses are somewhat different from the FXE one due to the clamping; it 
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causes an abrupt increase in pressure and a more direct increase in the height. Subsequently 
the two pressure-height responses rise with approximately the same slope up to a pressure 
of about 1000 psi (69 bar), and the same can be said about the pressure-volume responses. 
However, the DB responses exhibit a higher pressure maximum, larger corresponding 
volume, and rise to a slightly greater height. As a consequence of the sliding allowed by 
the draw bead, the DB model reached Pmax =  1405.2 psi (96.91 bar), which compares with 
1345.9 psi (92.82 bar) for the FXE model. As a reference point the pressure maxima for 
the DB and FXE models in the absence of an imperfection were 1414.8 psi (97.57 bar) and 
1366.8 psi (94.26 bar) respectively. Following the pressure maximum deformation 
localizes in a similar manner to that described for the FXE model in Figs. 3.5. The extent 
of sliding that took place is demonstrated in the cross sectional view of the deformed disc 
corresponding to Pmax  shown in Fig. 3.8c.  
As mentioned earlier, in the experiments the discs burst at pressures that ranged 
from 1413 to 1468 psi (97.45-101.2 bar). Included in Fig. 3.9a with a dashed line is the 
pressure-height response measured in an experiment that burst at 1413 psi (97.45 bar). The 
response follows essentially the same trajectory as the DB response, exhibiting a slightly 
stiffer trajectory close to burst. 
The increase in Pmax  yielded by the DB model depends on the friction coefficient 
adopted. This is demonstrated in Fig. 3.10a in which pressure-height responses for 
Coulomb friction coefficients of 0.2, 0.3 and 0.4 are compared for Dt / to =1%. The values 
of Pmax  achieved in each case are listed in Table 3.2. Figure 3.10b shows plots of the 
pressure vs. the amount of edge sliding, s , normalized by the disc initial thickness to , for 
the three cases. Following an initial transient caused by the clamping process, the value of 
s increases monotonically but tends to saturate as the maximum pressure is approached. As 
 decreases the amount of material that feeds into the bulging domain increases. This 
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reduces somewhat the stiffness of the P -h / R  response, and increases the maximum 
pressure reached. It is interesting to observe that for  = 0.4 the amount of sliding that takes 
place after clamping is minimal, and as a result the pressure maximum is close to that 
yielded by the FXE model. 
 
Table 3.2 Predicted burst pressures using the draw bead model for various Coulomb 
friction coefficients 
m  0.2 0.3 0.4 FXE 










smax / to  4.26 2.33 0.93 0 
3.3.3 Localized Deformation in Bulge Test 
Al-2014-T3 is a structural material with relatively high yield stress and modest 
ductility. By contrast Al-6022-T43 is aimed at manufacturing and consequently has a lower 
yield stress, exhibits significant hardening and is much more ductile. Consequently in the 
bulge test on the latter material reported in Chen et al. [2018a], the pressure reached a 
maximum and concurrently deformation localized around the apex This section 
investigates the localization behavior through numerical simulation. 
The main characteristics of the solution are illustrated through the results of a 
simulation that uses the calibrated Yld04-3D constitutive model reported in Section 2.3.1. 
Figure 3.11a shows the calculated pressure-height (P - h / R) response. The model has no 
imperfection and a Coulomb coefficient of 0.4 is adopted. The calculated response tracks 
that of the experiment very closely from the beginning to the end, and the latter is not 
included in this figure for clarity. A pressure maximum develops at 933.05 psi (64.35 bar), 
which compares with 932.8 psi (64.26 bar) recorded in the experiment. The analysis does 
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not employ a failure criterion so the response is followed further than in the experiment 
well past the pressure maximum. The evolution of the bulge profile is illustrated in Fig. 
3.11b, which shows the complete shape of a meridian at the pressure and height values 
marked with numbered bullets on the response in Fig. 3.11a (r  radial distance measured 
from the bulge center). Profile  corresponds to the pressure maximum. As in the 
experiments, the bulge profiles exhibit a progressive increase in curvature with height and 
a reduction of the rate of increase as the bulge height increases. Furthermore, as in the 
experiment, the shape of the bulge remains continuous past the pressure maximum and the 
apex maintains its nearly circular shape.   
Figure 3.11c shows the equivalent plastic strain (ee
P ) that develops in the same ten 
configurations, with profile  once more corresponding to the pressure maximum. In 
contrast to the bulge profiles, the strain profiles exhibit an increasingly tighter radius 
around the apex, which becomes significantly more pronounced after the pressure 
maximum. Thus in profiles -, the zone around the apex becomes increasingly more 
conical indicating an acceleration of wall thinning. Simultaneously, the strain decreases 
nearly linearly with r moving away from the apex. These features are once again very 
similar to those of the experimental profiles in Fig. 3c of Chen et al. [2018a]. Figure 3.11d 
compares the strain at the apex with that developed at r = 0.65R . At lower values of bulge 
height the two strains grow at a similar rate gradually diverging. For h > 0.4R when the 
pressure-height response starts to become nonlinear, the strains continue to grow at both 
locations but the trajectories increasingly diverge. Beyond the limit load (marked with solid 
bullets) the rate of growth of strain at the outer location where the bulge profile is becoming 
straighter, starts to decrease. By contrast, the strain at the apex grows at an even faster rate. 
This divergence in the rate of growth of strains is reminiscent of diffuse localized 
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deformation such as a neck in a tensile test. However, in the present problem the pre-limit 
load stresses and deformations at the two locations are different. 
3.3.4 Effect of Slipping on Localization 
The solutions presented above were generated with a Coulomb friction coefficient
m = 0.4 . In Section 3.3.2 we pointed out that slipping over the draw bead can affect the 
calculated response. The amount of slipping is governed by the extent of mechanical 
clamping and by friction. As shown in Fig. 3.8, the imposed displacement of the clamping 
ring was chosen to be as large as possible without causing failure of the disc at the draw 
bead. This process does not preclude some small amount of slipping at the draw bead. 
Consequently it is important that the effect of slipping on the localization behavior be 
evaluated. To this end, the bulge test simulation is repeated using the Yld04-3D constitutive 
model and Coulomb friction coefficients of 0.3, 0.4 and 0.5 and a thickness imperfection 
of Dt / to = 0.25%. The calculated pressure-bulge height responses are shown in Fig. 
3.12a. The magnitude of inward sliding of the outer edge, s, normalized by to , is plotted 
against the pressure in Fig. 3.12b. Clearly, increase in friction lowers the limit pressure and 
causes it to occur at a smaller bulge height.  
The extra feed of material into the bulging domain allowed by sliding is responsible 
for the larger height reached for lower  values, and for the increase in Pmax  observed in 
Fig. 3.12a and quantified in Table 3.3 below. At the same time however, it is noteworthy 
that the strain at the apex achieved at the pressure maximum decreases as the pressure and 
corresponding bulge height increase, as the values reported in the same Table indicate. 
(This result can also be demonstrated analytically using an extension of Hill's analysis of 
the critical strain–Appendix A.)  
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Table 3.3 Effect of friction on limit pressure and strain 
 0.3 0.4 0.5 
Pmax  958.5 935.2 922.6 
ee
p  0.53 0.56 0.57 
Since most bulge testing facilities used in materials labs are relatively compliant, 
the bulge is expected to fail at the pressure maximum or soon thereafter. Clearly then, it 
can be concluded that better clamping can have the beneficial effect of increased strain 
measured in a bulge experiment. In the present simulations, the response for 0.4   was 
closest to the experimental response so this friction coefficient was adopted in the 
parametric study performed.  
It should be mentioned that in the simulations presented sliding is axisymmetric 
and uniform. In practice, non-uniform, asymmetric slipping may take place as illustrated 
by the failed specimen shown in Appendix B from a previous study. Slipping can influence 
the state of stress and strain at the apex and, by extension, the extracted stress-strain 
response. In general then, every effort should be made to reduce slipping in bulge tests, as 
recommended in ISO [2014]. 
Finally, to assess the effect of the stress-strain response adopted on the numerical 
simulation of the bulge test, the FE model was used to calculate the bulge response using 
the Swift and Voce extrapolations of the uniaxial response along the rolling direction 
shown in Fig. 2.11. Figure 3.13 compares the pressure-height responses calculated using 
these two stress-strain responses with that produced using the stress-strain response 
extracted from the bulge test. Here the H8 constitutive model is adopted for all three cases. 
As can be seen from Fig. 3.13, the H8 prediction using the stress-strain response extracted 
from the bulge test is very close to the experimental one. As expected, the response 
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produced by the Swift extrapolation overestimates the experimental response and the Voce 
underestimates it, pointing to the inadequacies of such extrapolations. 
3.4 SUMMARY AND CONCLUSIONS 
A fully 3-D model with solid elements is used to simulate the bulge test and the 
onset of failure. The model incorporates the calibrated isotropic and anisotropic yield 
functions and the corresponding stress-strain responses extracted. The calculated results 
reproduce the experimental measurements very closely, including the pressure-height 
response, the pressure maximum, and the deformed strain profile and its evolution into a 
more conical shape after the pressure. Since the anisotropy in the sheets tested was small, 
the limit pressure is influenced only modestly by anisotropy and more significantly by the 
adoption of yield function with exponent 8. A small wall thickness imperfection in the 
spirit of Marciniak and Kuczynski is introduced at the apex in order to trigger localization. 
It leads to a sharp pressure maximum followed by precipitous localization in the zone of 
the imperfection. In the case of the anisotropic yield function the pressure maximum is 
shown to be sensitive to the orientation of the imperfection. As expected, it is also strongly 
dependent on the amplitude of the imperfection adopted.  
In the bulge tester the edge of the disc is clamped over a draw bead. It was found 
that the clamping applied allowed a small amount of sliding over the draw bead during the 
experiments thus feeding material into the deforming bulge. The FE model was extended 
to include the draw bead and frictional contact with the clamped disc. Using this model it 
was demonstrated that sliding over the draw bead delays burst and increases the 
corresponding burst pressure. However, it causes a decrease in the strain at the pressure 
maximum. 
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Adoption of Swift and Voce extrapolations in the FE simulation of the bulge test 
resulted in significant deviations from the measured results. The reported differences are 
of paramount importance in forming simulations, and especially in calculations of FLDs, 






















Fig. 3.2 (a) One quarter of the idealized finite element model of the bulge test and (b) 








     
Fig. 3.3 Idealized FE model results using three different constitutive models: (a) 














































Fig. 3.5b Deformed configurations of the imperfection zone corresponding to the numbered bullets on the response in Fig. 
3.5a with color contours of equivalent plastic strain superimposed (images - and - have different color 
scales). 
 







Fig. 3.6 Through-thickness strain at the apex vs. volume: A corresponds to an element 























Fig. 3.8 Cross-sectional views of the FE model that includes the draw bead: (a) 
Undeformed geometry and disc mesh. (b) Deformed configuration with 
equivalent plastic strain color contours after clamping. (c) Deformed 










Fig. 3.9 (a) Pressure vs. normalized height responses from the FE model with fixed 
edge (FXE), the FE model with the draw bead (DB), and from an experiment 








Fig. 3.10 (a) Pressure vs. normalized height for the DB model for different friction 









Fig. 3.11 Evolution of deformation in finite element simulation: (a) Pressure vs. height 







Fig. 3.11 (c) Evolution of corresponding equivalent strain profiles. (d) Evolution of 
equivalent plastic strain at the apex (r = 0) and at a point a radial distance of 









Fig. 3.12 Effect of friction coefficient on (a) Predicted pressure vs. height response, and 
















Fig. 3.13 Predicted pressure vs. height responses using the different stress-strain curves 
shown in Fig. 2.12. The measured experimental response is included. 
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Chapter 4:  Constitutive Modeling of Tubular Specimen under Tension 
and Torsion5 
4.1 INTRODUCTION 
Scales et al. [2019] describes in detail the conduct and the results of a set of tension-
torsion experiments on custom Al-6061-T6 thin-walled tubes used to establish the failure 
strain in the moderate to low triaxiality regime. The specimen design and the stiff test setup 
enabled localization in the form of diffuse necking to develop free of constrains until 
rupture occurred in the deepest part of the neck. High resolution DIC enabled continuous 
monitoring of the strain in the test section including the necked zone. The strains measured 
in the failure zone follow the classical trend of monotonic decrease with increasing 
triaxiality, but their values are significantly larger than previously reported ones. Both of 
these findings are in agreement with similar results in Scales et al. [2016]. The failure 
surfaces were found to have the usual dimpled relief suggestive of ductile failure by void 
growth and coalescence. X-ray tomography and microscopic observations (e.g., 
Ghahremaninezhed and Ravi-Chandar, 2012, 2013; Haltom et al., 2013) found that this 
alloy had very small initial porosity and very limited pore growth away from the failure 
zone; it was further concluded that in the failure zone void growth and coalescence 
occurred very close to the end of life of the material.  
Collectively these results prompt the modeling effort, reported in Chapters 4 and 5, 
that aims to establish the extent to which plasticity can reproduce the measured responses 
and the evolution of localization without the introduction of damage. To this end this 
chapter presents the constitutive modeling of the anisotropic material which consists of: 
                                                 
5 Chen, K., Scales, M., Kyriakides, S. (2019). Material response, localization and failure of an Aluminum 
alloy under combined shear and tension: Part II Analysis. Int’l J. Plasticity 120, 361-379. (Chen conducted 
the analysis, numerical simulations and helped write the paper) 
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(a) the calibration of the anisotropic yield function of Barlat et al. [2005] Yld04-3D based 
on the tension-torsion and pressure-tension results in Scales et al. [2019], and (b) the 
extraction of the material hardening response from a simple shear test using the calibrated 
Yld04-3D constitutive model as well as quadratic and non-quadratic isotropic yield 
functions. Chapter 5 uses the calibrated constitutive models and material hardening to 
simulate the tension torsion experiments including the stress-deformation responses, and 
the onset and evolution of localization. 
4.2 CONSTITUTIVE MODELS AND CALIBRATION 
It is now well established that the constitutive model used in the analysis of forming 
and other large deformation processes can influence the prediction of localization and 
failure in thin-walled structures. The use of more advanced non-quadratic yield functions 
that can account for prevailing anisotropies are thus preferred in modern studies and 
practices. Thus the main model adopted in this study is Barlat et al. [2005] Yld04-3D (see 
other uses Korkolis and Kyriakides, 2008b, 2009; Korkolis et al. 2010; Giagmouris et al., 
2010; Tian et al., 2017; Chen et al. 2016, 2018a; Dick and Yoon, 2018; Gorji and Mohr, 
2018; Lee et al., 2018; Ha et al., 2018). For comparison, isotropic plasticity is modeled 
through Hosford's [1972] non-quadratic yield function, which in terms of the principal 
values of the stress deviator is given by:  
  
 
F = [(| s1 - s2 |
k + | s2 - s3 |
k + | s3 - s1 |
k ) / 2]1/k .  (4.1) 
For completeness the von Mises quadratic yield function, i.e., k = 2 in (4.1), will also be 
used to simulate the tension-torsion experiments.  
Barlat et al. [2005] introduce orthotropic anisotropy into (4.1) through two linear 
transformations to construct the tensors ¢S  and ¢¢S  from the Cauchy stress as follows: 
   and    (4.2) 
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where ¢C ,  ¢¢C , T,  ¢L ,  ¢¢L  are transformation tensors. T transforms  to s  and ¢C ,  ¢¢C  
contain anisotropy parameters as shown in (2.11). 
The yield function in terms of the principal values of ¢S  and ¢¢S  is then expressed as: 
 
 
F = [( ¢S1 - ¢¢S1
k
+ ¢S1 - ¢¢S2
k
+ ¢S1 - ¢¢S3
k





+ ¢S2 - ¢¢S3
k
+ ¢S3 - ¢¢S1
k
+ ¢S3 - ¢¢S2
k
+ ¢S3 - ¢¢S3
k
) / 4]1/k
  (4.3) 
where again k is assigned the value 8 (Logan and Hosford, 1980). Details about the 
derivations and the derivatives of the yield function with respect to the stress components 
can be found in Barlat et al. [2005] and Yoon et al. [2006] (the model is implemented in a 
subroutine developed by Yoon [2011]). 
4.2.1 Characterization of Anisotropy 
Calibration of anisotropy requires results from different material orientations. 
Although such procedures have been developed for sheet metals (Barlat et al., 2005; Yoon 
et al., 2006), a new procedure had to be developed for the tubes used in this study. The 
model is calibrated using the responses of 7 tension-torsion experiments, a “plane strain” 
tension test, a simple shear test, and a uniaxial tension test on an axial strip all extracted 
from the same batch of tubes. These were supplemented with results from the 7 tension-
internal pressure radial path experiments. The state of stress and the strain ratios are 
evaluated for each experiment at a chosen value of plastic work ( W
p = 1000 psi––6.897 
MPa). Details of the calibration process are given below.  
The calibration follows broadly the procedure in Appendix B of Barlat et al. [2005] 
but uses different types of experiments (see also the calibrations in Tardif and Kyriakides 
[2012], Chen et al. [2016]). Through-thickness shear measurements are not available thus 
the anisotropy constants 
 
{ ¢c44, ¢c55, ¢¢c44, ¢¢c55} in Eq. (4.2) are assigned the value 1.0. The rest 
of the constants are determined by minimizing the error function that is developed below. 
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The test sections in the experiments are assumed to be under plane stress represented by 
the vector:  
    11 22 12( , , ) ,
T        (4.4) 
where the subscripts “1” and “2” represent the hoop and axial directions of the tubes, 
respectively. 
(i) Uniaxial Tension Test 
A dogbone uniaxial tension specimen was extracted from the axial direction of a 
tube from the same batch as the rest of the experiments. The specimen is 0.100 in 
(2.54 mm) thick, 0.365 in (9.27 mm) wide and has a 3-inch long (76 mm) gage section. 
The tensile test was carried out under quasi-static displacement control. The strain field 
was monitored using 3-D DIC. The gage section reached a maximum uniform strain of 
around 7% at the limit load (more details can be found in Scales [2019]). The plastic work 











 is the corresponding stress. The uniaxial stress state is introduced in the current 
yield function (4.3) resulting in 
    .       (4.6) 
Using (4.5) the following error function is established: 
















.      (4.7) 












, and then 
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.     (4.8) 
Use the flow rule to evaluate 











     (4.9) 
at and establish the strain ratio predicted through (4.3),  






.     (4.10) 
Then form the error function 













.     (4.11) 
 (ii) Pressure-Tension Experiments 
The pressure-tension specimens from the same stock tubing as the tension-torsion 
specimens have a total length of 12 inches (305 mm) and feature a 4-inch long (101 mm) 
uniform test section with a nominal wall thickness of 0.05 in (1.27 mm) and a radius of 
0.86 in (21.84 mm). The specimen was loaded under combined internal pressure and axial 
loading such that the nominal axial and hoop stresses remain proportional, i.e., x  
with  constant. For thin-walled tubes, the nominal stresses can be calculated directly from 











,    (4.12) 
where P  is the internal pressure, F  the axial force, and oR  and ot  are the initial mean 
radius and thickness of the test section. Deformation was monitored using 3-D DIC (more 
details can be found in Scales [2019]). By assuming incompressibility, the current 
thickness and radius of the test section can be calculated from the measured axial and hoop 
strains (averaged over a zone 0.6 (axial)  1.2 (hoop) in (15.3  30.6 mm) in the middle of 
the test section) as follows: 
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exp( )o xt t     ,     (4.13) 
exp( )oR R  ,      (4.14) 




s11 -s 22  radial paths were performed. Figures 4.1a-b show the extracted true 











w )  be the corresponding stresses, which are marked with symbols “▲”  in Fig. 
4.1. This biaxial stress is introduced in the current yield surface (4.3) to produce 
    ,      (4.16) 
where the subscript “PT” represents the pressure-tension experiments. The following error 
function is developed: 
















.     (4.17) 




w ,0)T  and develop 






, which is compared with the measured plastic 
strain ratio for each radial path as shown in Fig. 4.2. The following error function is then 
constructed: 













.    (4.18) 
 (iii) Tension-Torsion Experiments 
  Seven radial path tension-torsion tests were conducted on Al-6061-T6 tubes. The 
test section of the specimens was designed to have a 0.40-inch long (10.2 mm) uniform 
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section with an initial thickness of 0.038 inches (0.965 mm) and a mean radius of 0.893 in 
(22.68 mm). The specimens were loaded in a servo-hydraulic axial/torsional biaxial testing 
system up to failure while maintaining proportional ratios of the nominal axial stress ( )  
and shear stress ( )T  in the test section i.e.,  = T , with  being constant (see Scales 
et al., 2019). For thin-walled tubes, the nominal axial and shear stresses can be calculated 










T .    (4.19) 
where
 
Ro  and  
to  are the initial mean radius and wall thickness of the test section. The 
deformations in the test section were monitored through the use of 3-D DIC. By neglecting 
elastic deformation and assuming plastic incompressibility, the current thickness and 
radius can be obtained as: 
 
t = to / l1l2      (4.20) 
exp( )oR R  ,    (4.21) 
where 1 , 2  are the in-plane principal stretches and   is the hoop strain, all averaged 
over a zone 0.2 (axial)  0.4 (hoop) in (5.1  10.2 mm) in the middle of the test section. 
The true stresses, 
 
(s 22,s12), are then calculated by replacing the nominal thickness and 
radius with the current counterparts in Eq. (4.19). 
The DIC measurements revealed that the radial deformation of the test section 
developed a small radial deflection that varied in the axial direction (see Fig. 8 in Scales et 
al., [2019]). Thus the hoop stress is different from the ideal plane strain condition. These 
differences in hoop stress and strain influence the calibration of the yield function and were 
introduced in the following approximate manner: The hoop-to-axial stress ratio   
11 22( / )   is assumed to be constant and is evaluated for each stress ratio, a , as 
outlined in Appendix C.  
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Figures 4.3a and 4.3b show respectively the extracted shear stress-plastic shear 
strain responses and the axial stress-plastic strain responses from the seven radial path 
tension-torsion experiments. Figure 4.3c shows the estimated stress in the hoop direction 
plotted against the measured hoop plastic strain for the same seven experiments.  












w ) are the corresponding strains and stresses, and 
are marked with symbols “▲” in Figs. 4.3. This state of stress is introduced in the current 
yield surface (4.3) to produce 
    ,     (4.23) 
which is then used to generate the following error function: 
















.     (4.24) 
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. These are compared to the 
measured plastic strain ratios for each of the radial paths shown in Fig. 4.4. The following 
error function is then formed: 
























,   (4.25) 
(iv) Pure Torsion Test 
The simple shear test is a special case of the tension-torsion tests described above, 
for which the axial force was prescribed to be zero. The pure torsion specimen had a test 
section of the same length but a slightly thicker (0.0461 in-1.17 mm) wall thickness 
compared with the other tension-torsion test specimens. This was intentionally designed to 
 79 
delay buckling, thus facilitating the extraction of material hardening property as will be 
discussed in Section 4.2.3. Similarly, deformation in the test section was monitored using 
3-D DIC. The shear deformation was found to remain quite uniform and no significant 
axial deformation was observed. The shear stress was directly calculated adopting thin-











 be the corresponding stress. This pure shear stress-state is introduced into the 
current yield surface (4.3) resulting in 
    .      (4.27) 
The following error function is then established: 
















.     (4.28) 
Finally, the optimal values of the anisotropy coefficients ( ¢cij, ¢¢cij ) are then chosen by 
minimizing the following weighted sum of these error functions: 
 






























å    (4.29) 
In (4.29) the first series represents the errors from the m flow stresses, the second 
the errors from the n strain ratios developed above. The variables 
 
(wm,wn)  are weight 
functions that represent the confidence level assigned to each particular experiment. The 
minimization was performed using the routine NMinimize in Mathematica. 
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The anisotropy parameters determined from the process are listed in Table 4.2. Note 
that the cylindrical coordinate system used is the one defined in Fig. 4.6. It is different from 
the more conventional cylindrical coordinate system used in ABAQUS.  
As noted by previous researchers, the results of such calibration processes are not 
unique. To further evaluate the present solution the calibrated yield function and some of 
the corresponding experimental points are compared in Fig. 4.5a (T-T  Tension-Torsion, 
P-T  Pressure-Tension). Plotted are the work contours in the 
 
s11 -s 22  plane both 
normalized by the measured axial stress 22
w
u  at  W
p =  1000 psi (6.897 MPa) for different 
values of normalized shear stress 
 
s12 . The comparison of experimental data and the 
calibrated work contours is deemed as satisfactory. A work contour in the 
 
s 22 -s12 space, 
important to the problem at hand, is compared to measured tension-torsion data in Fig. 
4.5b. The comparison is again favorable providing additional support for the soundness of 
the anisotropy calibration procedure. 
Table 4.2 Anisotropy parameters for Yld04-3D model 
¢c12  
  
¢ c 13 
  
¢ c 21 
  
¢ c 23 
  
¢ c 31 
  
¢ c 32 
  
¢ c 44 
  
¢ c 55 
  
¢ c 66 
1.028 1.150 1.162 0.941 0.679 0.985 1.0 1.0 1.367 
  
¢ ¢ c 12 
  
¢ ¢ c 13 
  
¢ ¢ c 21 
  
¢ ¢ c 23 
  
¢ ¢ c 31 
  
¢ ¢ c 32 
  
¢ ¢ c 44 
  
¢ ¢ c 55 
  
¢ ¢ c 66 
0.713 0.683 0.847 1.093 1.056 0.962 1.0 1.0 0.695 
4.2.2 Extraction of the Stress-Strain Response from Simple Shear Test 
The material response is commonly measured in a uniaxial tension test, which 
usually necks at a strain of a few percent. By contrast, simple shear tests remain free of 
instabilities to large strains and thus offer an attractive alternative. Since the present study 
involved tension-torsion of tubes, it was convenient to extract the material hardening from 
a pure torsion experiment on a tube that originated from the same batch as those of the 
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biaxial specimens. Since the response is influenced by the constitutive model adopted (e.g., 
see Tardif and Kyriakides, 2012; Chen et al., 2018a; Kang et al., 2008), it is extracted for 
each of the three constitutive models considered. Furthermore, Chen et al. [2018b] showed 
that in the case of simple shear tests, the material axes rotate during shearing, and this must 
be accounted for when the material exhibits plastic anisotropy (see also Ch. XII-1 in Hill, 
1950; ABAQUS, 2016). This section discusses the extraction process.  
The specimen overall geometry is the same as in Fig. 1 of Scales et al. [2019], but 
the test section wall thickness was increased to 0.0461 in (1.17 mm) in order to delay 
buckling. The specimen was twisted under rotation control producing a shear strain rate of 
approximately 42 10  s-1, while the axial load was prescribed to remain at zero.  
The shear stress, , is calculated directly from the recorded torque using the thin-
walled geometry of the test section. The deformation in the test section was monitored 
using DIC (see Section 2.3 of Scales et al. [2019], with the deformation gradient, F, being 
provided directly from the ARAMIS software. The deformation in the test section was 
found to remain quite uniform, but F was averaged over a zone 0.2  0.4 in (5.1  10.2 
mm) in the center of the test section. For the case of simple shear, F is given by 


















,     (4.30) 
where   is defined in Fig. 4.6. The incremental strain tensor is then given by  
     (4.31) 
Figure 4.7 shows the shear stress-plastic shear strain (
 t -g
p) response measured 
in this experiment. It extends to a strain of just under 1.2 and exhibits hardening throughout.  
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The incremental spin tensor is given by 
 ,    (4.32) 
which integrates to   .    (4.33) 
Thus, the transformation tensor for the material frame becomes 
   
 
A =
cosg / 2 -sing / 2 0














.   (4.34) 
The stress, when rotated into the material frame, is then: 
  .   (4.35) 
For the anisotropic material in Eqn. (4.3), the equivalent stress in the material frame then 
becomes 
   
 
s e = s e( ¢s ij , ¢cij , ¢¢cij ).     (4.36) 
 By contrast, in the reference frame it is given by 
   
 
s e = s e(s ij , ¢cij , ¢¢cij ).     (4.37) 
The equivalent stress is then used to evaluate the work compatible plastic 
equivalent strain increment at stage n in the incremental process from 








.     (4.38) 
The complete response is assembled by summing the increments over the whole 
test history. If the material yields isotropically, (4.3) reduces to the Hosford’s non-quadratic 
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yield function (4.1) with exponent 8 (H8). This is invariant to transformation and, as a 
result, the simple shear test reduces to: 
   
 
s e H8
= (27 +1)1/8t      (4.39a) 








,     (4.39b) 
which integrates directly. 
To facilitate a comparison with a quadratic yield function, we include the equivalent 
stress for simple shear for von Mises (vM)   
   
 
s e vM
= 3t .     (4.40a) 
The corresponding equivalent plastic strain increment is 








,     (4.40b) 
which also integrates directly. 
The anisotropy parameters in Table 4.2 and the measured shear stress and strain 
values were used in Eqs. (4.36) and (4.38) to generate incrementally the equivalent stress-
equivalent plastic strain response of the material. It is referred to as the Material Frame 
(MF) response and is plotted in Fig. 4.8a. Included is the corresponding response when the 
rotation of the material frame is not accounted for––referred to as Reference Frame 
response (RF). Clearly, this particular anisotropy leads to progressive reduction in tangent 
modulus for equivalent strains larger than about 0.1. In Section 5.1 it will be demonstrated 
that such changes in modulus can have a significant influence on the prediction of 
localization and other instabilities and the onset of failure. Chen et al. [2018b] examined 
how the material frame rotation affects the extraction of the hardening response for the 
Hill-48 anisotropic yield function-see Appendix D.) 
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Figure 4.8b shows the equivalent stress-equivalent plastic strain responses 
corresponding to the isotropic von Mises and Hosford yield functions. Included is the 
Reference Frame response based on the Yld04-3D anisotropic yield function. The three 
responses exhibit similar hardening, but trace different stress levels. The difference in 
stress level between H8 and Yld04-3D is caused by the anisotropy, whereas the difference 
between vM and H8 is due to the different exponent of the two yield functions. 
In order to facilitate a comparison with the response in Figs. 4.8, the material 
hardening was also measured in an independent uniaxial tension test (see Scales et al., 
2019). The test was performed on an axial specimen machined out of a tube form the same 
batch. The nominal stress achieved a maximum at a strain of only 7%; thus the response 
was extrapolated using the inverse method of Tardif and Kyriakides [2012]. The location 
of the neck was controlled by machining a large radius into the sides of the test specimen, 
and the deformation in this zone was monitored with DIC. Several constitutive models 
were used in the extrapolation. Figure 4.8a includes the response evaluated using the 
Yld04-3D constitutive model as calibrated in Section 4.2. The data extend to a strain of 
about 35% when the specimen failed in the neck. To accommodate the needs of the present 
study, the response was linearly extrapolated to the same strain level as that of the simple 
shear test (extrapolation based on the slope of the last 2 points). The uniaxial response 
traces a slightly lower stress up to a strain of about 0.12 and overshoots the shear response 
at higher strains.  
4.3 SUMMARY AND CONCLUSIONS 
Successful simulation of ductile failure within the framework of conventional 
plasticity requires suitably calibrated yield functions and material hardening responses to 
large strains. A non-quadratic yield function Yld04-3D, which has been shown to be 
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suitable for Al-alloys, is adopted to characterize the anisotropy in Al-6061-T6 tubes used 
in the study. The model was calibrated using the radial path tension-torsion experiments 
together with a set of tension-pressure results. 
Because of the high strains recorded in the experiments, the material hardening was 
established from a pure torsion test on a tubular specimen. This test produced a stress-strain 
response to a much higher strain level than, for example, the value obtained from the 
necked zone of a tensile test using an inverse method. It was further demonstrated that the 
extraction of the material hardening must be accomplished using the constitutive model 
adopted in the simulation of the structural responses, which in this study meant the Yld04-
3D yield function. In the simple shear test used the material frame rotates, which must be 






Fig. 4.1 True stress-plastic strain responses for a set of radial path pressure-tension 
tests in: (a) hoop direction and (b) axial direction. Included in (b) is the 













Fig. 4.2 True plastic strain paths for a set of radial path pressure-tension tests. Included 
















































































Fig. 4.5 (a) Work contours of the calibrated Yld04-3D constitutive model in the axial 
and hoop stress space at varying levels of shear. Experimental data used in 
calibration are included with solid bullets (T-T tension-torsion, P-T 
pressure-tension). (b) Work contour in the shear-axial stress space for 
 













Fig. 4.7 Measured shear stress-plastic shear strain 
 (t -g
p )  response for the Al-6061-

























Fig. 4.8 (a) The Material and Reference Frame equivalent stress-equivalent plastic 
strain responses extracted from the measured 
 t -g
p response. Included is 
the material response from a uniaxial tension test. (b) Comparison of the 
Reference Frame equivalent stress-equivalent plastic strain response with the 





Chapter 5:  Numerical Simulation of Tubular Specimen under Tension 
and Torsion6 
This Chapter first develops a finite element model appropriate for simulating the 
tension-torsion experiments of Scales et al. [2019] with emphasis on reproducing the 
measured responses and the evolution of localized deformation. The three constitutive 
models of von Mises, Hosford, and Yld04-3D calibrated in Chapter 4, are incorporated in 
the simulations, each together with the corresponding material hardening response. The 
calculations first allow the development of a richer understanding of the localization 
process that precedes failure; and second, comparison of measured and calculated results 
enables evaluation of the performance of the constitutive models. 
5.1 FINITE ELEMENT MODEL 
The finite element model of the tubular test specimens used in the experiments of 
Scales et al. [2019] is shown in Fig. 5.1 (see Fig. 1 of Reference). Symmetry about the 
center of the test section is assumed, which allows consideration of only half of the tubular 
test specimen. It consists of a 0.330 in (8.38 mm) long thicker upper section, a 0.200 in 
(5.08 mm) straight test section, connected with a 0.125 in (3.18 mm) radius fillet. The 
specimen has an axially uniform inner surface with a radius of 0.815 in (20.5 mm); the 
thicker section has a wall thickness of 0.170 in (4.32 mm) and the test section is assigned 
the average wall thickness of the specific test specimen analyzed (typically 0.039 in–1.0 
mm).  
The model is meshed with solid elements in ABAQUS (C3D8R) as follows: 
                                                 
6 Chen, K., Scales, M., Kyriakides, S. (2019). Material response, localization and failure of an Aluminum 
alloy under combined shear and tension: Part II Analysis. Int’l J. Plasticity 120, 361-379. (Chen conducted 
the analysis, numerical simulations and helped write the paper) 
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•  A 0.08 in (2.0 mm) long part of the test section adjacent to the symmetry plane has 9 
elements through the thickness and 450 elements around the circumference in order to 
facilitate the development of the expected localization. 
•  The rest of the straight test section has a coarser mesh with 3 elements through the 
thickness and 150 around the circumference.   
•  The thick upper section has the same mesh distribution and consequently larger 
elements. 
•  The fillet also has the same mesh distribution as the two sections it joins so the element 
size along the length is adjusted to comply with the curvature of the fillet.  
The measured wall eccentricity of each specimen, listed in Table 1 of Scales et al. 
[2019], is incorporated into the model by shifting the inner cylindrical surface relative to 
the outer one by the required amount, which changes slightly the mesh dimensions.  
The degrees of freedom of nodes on the symmetry plane are constrained except that 
they are free to move in the radial direction. The complex clamping of the specimen used 
in the experiments was not reproduced in the model. Instead, a reference node was created 
which is kinematically coupled to the nodes of the upper surface. The specimen was loaded 
as follows: 
- For  a < 3 the angle of rotation of the reference node is prescribed incrementally causing 
a change in the torque, which is monitored by a “sensor.” An axial force increment is then 
prescribed through a user subroutine (UAMP) to generate the required axial force-torque 
proportionality (similar schemes used in Papasidero et al., 2014; Xue et al., 2013).  
- For 3   the axial displacement of the reference node is prescribed incrementally 
resulting in a force registered by the sensor. A torque increment is then prescribed through 
the UAMP to generate the required axial force-torque proportionality. 
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5.2 SIMULATION OF THE a = 0.75 RADIAL PATH EXPERIMENT 
The results of the simulation of the experiment with  a = 0.75 are now used to 
illustrate the performance of the numerical modeling effort. The experiment was simulated 
using the vM, H8 and Yld04-3D constitutive models, along with the corresponding 
material stress-strain response of each (see Fig. 4.8). Figure 5.2 compares the three 
calculated nominal shear stress-rotation and axial stress-elongation responses to the 
experimental ones. As in the experiments, the rotation and elongation are evaluated from 
the edges of the test section. The three simulations match the experimental responses 
closely up to yielding. Subsequently, the numerical responses trace mildly hardening 
trajectories that mimic the experimental one, and develop a limit load followed by a 
decaying branch, an indication that deformation is localizing (  limit load). The limit 
load is the result of tension-induced wall thinning which is also responsible for the 
subsequent downturn in the nominal stress responses. It is worth remembering that by 
contrast, under pure torsion the test section wall thickness does not change and deformation 
does not localize (see Section 3.2 of Scales et al. [2019]). The H8 and Yld04-3D responses 
match the experimental one very well up to the limit load whereas vM underestimates both 
the axial and shear stress experimental values. Furthermore, the shear maximum of vM 
occurs at a much smaller rotation.  
5.2.1 Onset of Instability under Combined Tension and Torsion 
Because the limit loads correspond to the onset of localization, a critical stress state 
in manufacturing, it is useful to compare the limit states obtained using the classical 
analytical Considère condition with the FE model values. At the onset of instability, both 
the applied force and torque are assumed to reach maxima, i.e., 
     0dF       (5.1a) 
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and      0dT       (5.1b) 
 If elastic deformations and the small radial deflection of the test section are neglected, Eq. 
(5.1) reduce to: 









 .      (5.2a) 









      (5.2b) 
The equivalent stress increment can be related to increments of stress components as 
follows: 









    (5.3a) 
where F  is the yield function, 
 
s e  is the associated equivalent stress. 
Substituting (5.2) into (5.3a): 
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   (5.3b) 
From work compatibility: 
   22 22 12 122e ed d d           (5.4a) 
where ed is the work compatible equivalent strain increment. 
Using flow rule, Eq. (5.4a) can be rewritten as: 
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.   (5.4b) 
Combining (5.3b) and (5.4b), it can be shown that for isotropic yield functions the onset of 
instability implies that 













.     (5.5) 
For vM   
1/2
2 2 2
11 22 11 22 123             (5.6a) 
Then (5.5) becomes  
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2[1+ 4 / a 2]1/2
.    (5.6b) 
The equivalent strain at the limit load can be evaluated from (5.6b) using the 
material response for vM extracted from the simple shear test in Fig. 4.8b. For  a = 0.75 
 
eec
p = 0.247 , which compares with 0.244 from the FE model (taken from the mid-thickness 
at the symmetry plane). Similar level of agreement was found for all radial paths with 
0.5  , and this is demonstrated in Fig. 5.3 where numerical and analytical equivalent 
critical strains are compared. For even smaller values of a , localization becomes 
increasingly more difficult to achieve numerically requiring the introduction of a small 
thickness imperfection in the FE model.  
The critical state for H8 can be similarly derived analytically from (5.5) as outlined 
in Appendix E. The same procedure is applicable to the Yld04-3D anisotropic yield 
function, which however requires numerical treatment. Overall, the critical strain predicted 
for all three constitutive models was found to be within a few percent of the values from 
the full finite element simulations. This points to the usefulness of the Considère type 
analysis for estimating the limit states for uniform axial-shear stress states.  
5.2.2 Evolution of Localized Deformation 
We now compare additional aspects of the numerical simulations to the 
experimental results in some detail. Figure 5.4a compares the radial deflection across the 
test section predicted using Yld04-3D with the measured values at the three stations marked 
on the experimental responses in Fig. 5 of Scales et al. [2019] –– profiles  correspond to 
the location of the limit load in the experiment. The predicted profiles are in good 
agreement with the measured values. This agreement is another indication of the success 
of the Yld04-3D calibration scheme used. It is worth pointing out that although for smaller 
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values of a  the radial deformation is quite small, the stress inhomogeneity caused by it is 
sufficient to trigger localization without the need for a geometric imperfection perturbation 
for all values of biaxiality ratios considered except for  a = 0.5. For the smallest a  the 
induced radial deformation is too small, so localization was induced by decreasing the wall 
thickness by 0.1% in a circular band 
 
2to  wide spanning the symmetry plane. 
Beyond the limit loads, deformation localizes for all three constitutive models and 
both the nominal shear and axial stresses in Fig. 5.2 start to decrease. The decaying part of 
the vM shear response occurs early and the downturn is more pronounced. The Yld04-3D 
matches the experimental downturn very well and the H8 downturn occurs at a slower 
rotation rate. A diffuse neck approximately 
 
2to  wide starts to develop forming a circular 
band spanning the symmetry plane. Figure 5.4b plots the equivalent plastic strain on the 
outer surface at the symmetry plane against the rotation angle from the three models (note 
that the variation in strain across the wall thickness is quite small). Included for comparison 
is the corresponding experimental plot. The three calculated trajectories track the 
experimental one up to their respective limit loads, and take a significant upturn thereafter. 
The H8 and Yld04-3D results follow the nearly exponential growth of the experimental 
trajectory very well. The vM trajectory on the other hand, although exhibiting a similar 
increasing trend, takes place at a much smaller rotation because of the early development 
of the load maxima. The trajectories clearly indicate the significant shearing and axial 
deformation experienced in the localizing zone.  
The evolution of the deformation in the localizing zone produced by the Yld04-3D 
model, is illustrated in Fig. 5.5a, which plots ten profiles of equivalent plastic strain over a 
 
6to  height across the band corresponding to the stations marked on the experimental 
responses with “” symbols in Fig. 5.2. Profiles  and  correspond to the early parts of 
the stress history so they show the deformation to be essentially uniform across this zone. 
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Profile , which corresponds to the f  at the experimental load maxima, is also uniform 
but slightly bent upwards due to the radial deformation of the test section in Fig. 5.4a (note 
that the predicted load maximum occurs at a somewhat larger f  than in the experiment). 
Beyond this point deformation concentrates in a zone about 
 
2to  wide while outside the 
band the deformation remains relatively unchanged. This divergence in the deformation 
between points within and outside the localizing band is also illustrated in Fig. 5.4b, which 
includes the strain-rotation response outside the localizing zone at 3 oy t .  
The neck that forms is seen to sharpen with the deformation concentrating in the 
central few elements. By station  the strain in the center of the neck has reached a value 
of about 1.0, which corresponds to the mean strain at failure reported in the experiment. 
Figure 5.5b shows a cross sectional view of the necked zone at the plane of symmetry of 
the FE model at station . Superimposed are color contours corresponding to equivalent 
plastic strain. The upper edge represents the outer side of the specimen and the arrows 
indicate the 
 
6to  length captured in Fig. 5.5a. It is noteworthy that the localization is in the 
form of a diffuse neck as seen in experiments by sectioning. Furthermore, the deformation 
across the wall thickness is seen to be quite uniform (less than 1% difference between the 
center and the outer surface). The small curvature of the section is due to the radial 
deflection mentioned earlier. This zone was meshed with 9 nearly cubical elements across 
the wall thickness (see Fig. 5.1). This discretization roughly corresponds to that of the DIC, 
governed by the facet size and spacing, used to capture the deformation in the experiment. 
Increasing the number of elements in this zone does not change the width of the neck but 
allows sharper strain gradients to develop leading to an increase in the peak strain. 
Furthermore, in the absence of a failure criterion, the FE analysis must be terminated by 
the operator. Thus in Fig. 5.4b each of the three strain trajectories were terminated at a 
value of about 1.0, which is the mean measure of failure strain in the experiment. 
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5.2.3 Structural Responses Based on Alternative Hardening Curves 
For comparison purposes the  a = 0.75 experiment was also simulated using the 
material hardening response extracted from the uniaxial tension test for the same 
constitutive model–shown extrapolated in Fig. 4.8a. The shear-rotation and axial stress-
elongation responses are compared to the ones based on the simple shear stress-strain 
response in Fig. 5.6. The two material hardening models produce similar responses but the 
limit loads of the Uniax. material are delayed somewhat, while subsequently the stress 
drops at a similar rate. The effect of this difference on the equivalent strain at the symmetry 
plane, is illustrated in Fig. 5.4b. The trajectory of “Uniax.” is similar to that from the Sh-
MF model, but the upturn is now delayed moving from  to . It must, 
however, be emphasized that the neighborhoods of the limit loads and beyond occur at high 
enough strains to be influenced by the extrapolation of the uniaxial response adopted. For 
completeness Fig. 5.6 includes responses based on the Reference Frame (RF) hardening 
curve (Fig. 4.8a) which, in the strain regime of interest here, is much stiffer than the 
Material Frame (MF) response. Consequently, the localization is delayed to strain levels 
much higher than those of the experiment.   
5.3 SIMULATION OF THE 2.0   RADIAL PATH EXPERIMENT 
We now examine in some detail the results of the numerical simulations for 
 a = 2.0 , which is representative of the more axial stress dominant stress paths considered. 
Figures 5.7 to 5.10 present similar sets of results as those presented for  a = 0.75. Figures 
5.7 compare the shear-rotation and axial stress-elongation responses calculated using the 
three constitutive models with the experimental ones. The shear response is predicted very 
well by Yld04-3D including the limit load and the decaying part after it. H8 is very good 
up to the limit load, which however occurs slightly earlier causing the post-limit load 
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response to start its downward trajectory somewhat earlier. The vM underpredicts the 
complete response for this case also. The axial stress responses for Yld04-3D and H8 
follow each other closely. Their limit loads occur somewhat earlier and the decaying 
trajectories occur somewhat earlier than in the experimental response. The vM response 
underpredicts the complete experimental one again.  
Figure 5.8a compares the radial deflection across the test section predicted by the 
Yld04-3D analysis for three stations, with station  corresponding to the limit load in the 
experiment. The predicted deflections follow those measured very well. Higher axial stress 
is of course expected to result in deeper necking. However, the maximum value of the 
radial displacement at  is smaller than that in Fig. 5.4a, because here the limit load occurs 
at smaller overall strains.  
Figure 5.8b draws the evolution of strain with f  on the outer surface at the 
symmetry plane together with the corresponding experimental result. The Yld04-3D 
trajectory matches the experimental one very well in all respects. The H8 trajectory starts 
on the upward path earlier than the experiment, this despite producing stress responses that 
are close to those of Yld04-3D in Fig. 5.7. The vM trajectory is between those of Yld04-
3D and H8. The results demonstrate that accurate prediction of the structural responses is 
not sufficient for evaluating the performance of each constitutive model.   
Figure 5.9a shows the evolution of deformation in the localization zone produced 
by Yld04-3D. Plotted are ten profiles of equivalent plastic strain that correspond to the 
stations marked on the measured stress-deformation responses in Fig. 5.7 with open 
symbols – . Following the load maxima deformation localizes becoming progressively 
more concentrated in a zone about 
 
3to tall while outside this zone deformation remains 
essentially unchanged. In configuration , which corresponds to the last station before 
rupture occurred in the experiment, the strain in the neck is just under 0.6. This is 
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significantly lower than the 1.0 strain achieved for  a = 0.75 at the point of rupture. A cross 
section of the necked region in this configuration is shown in Fig. 5.9b. Despite the smaller 
maximum strain, the neck is deeper and more diffuse. Furthermore, the strain varies more 
across the wall thickness than for  a = 0.75 with the maximum being in the center where 
the strain is about 20% higher than on the outer surface. It’s worth pointing out that in this 
configuration, the row of elements at the symmetry plane are rather elongated, which may 
affect the accuracy of the local strain. Further refinement of the mesh can improve the 
accuracy of the local strain when they are implemented in a failure criterion. Such a 
refinement has small influence on the calculated responses in Fig. 5.7. 
Figure 5.10 compares the shear stress-rotation and axial stress elongation responses 
produced using the simple shear (Sh-MF) and uniaxial (Uniax.) stress-strain responses, 
both based on Yld04-3D. The limit load of the  T -f  response based on the uniaxial 
hardening is delayed compared to the experimental one and so is the decaying part. The 
same is the case for the S -d  response. This limit load occurs at a relative small strain 
(~0.12) where the Uniax. has a higher tangent modulus than the Sh-MF stress-strain 
response, causing the observed difference in the limit load. The delay in the downturns of 
the two responses results in a significant delay in the rotation angle at which the upturn in 
the equivalent strain takes place in Fig. 5.8b. 
5.4 SUMMARY OF SIMULATIONS OF ALL RADIAL PATH EXPERIMENTS 
All seven radial path tension-torsion experiments were simulated numerically and 
the same sets of results as those presented for  a = 0.75 and 2.0 were generated. For brevity 
here we present the predictions using Yld04-3D and limit discussion about the other two 
sets of predictions to general trends. Figure 5.11 compares the calculated shear-rotation 
and axial stress-elongation responses using Yld04-3D with the experimental responses. 
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The shear responses are uniformly in very good agreement with the measurements. The 
responses track the experimental ones very closely. The rotations at the limit loads are also 
in good agreement with those of the measured responses, except for  a = 0.5 where the 
predicted limit load is somewhat delayed. The decaying shear stress trajectories are also in 
very good agreement with the experimental ones. The corresponding H8 predictions shown 
in Fig. 5.12a follow the responses up to the limit loads. The limit loads tend to be somewhat 
delayed for low values of a  causing a delay in localization, while for the axial stress 
dominant paths the responses are close to those of Yld04-3D. By contrast, the vM 
responses shown in Fig. 5.13a uniformly underpredict the experimental ones, and in most 
cases the limit load and the subsequent downturns are also missed. 
The axial stress-elongation predicted using Yld04-3D (Fig. 5.11b) track the 
experimental ones well up to the limit loads with the elongations at the limit load predicted 
adequately also. The localization parts of the responses that follow the stress maxima agree 
with the experimental ones for the three lower values of a , but undershoot them for the 
four higher stress ratios. The H8 responses shown in Fig. 5.12b follow the Yld04-3D ones 
closely and produce limit loads that are also close except for lower values of a . The post-
limit load responses are close to those of Yld04-3D for higher stress ratios, but tend to 
localize early for the lower ones. The vM responses shown in Fig. 5.13b are also lower 
than the measured ones, the limit loads are mostly off, and the localizing sections occur 
either early or late. 
Figure 5.14 plots the equivalent plastic strain at the symmetry plane vs. rotation 
from the Yld04-3D predictions together with the corresponding results from the seven 
experiments. The predictions track the measured trajectories very well for the higher stress 
ratios. For the two lower values of a  the trajectories undershoot the experimental ones up 
to the limit load but follow the experimental trend during the localization upturn. The ends 
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of the experimental trajectories correspond to rupture, so the predictions were terminated 
at the same strain. It is noteworthy that the evolution of necking was captured with the 
same degree of success as in the two examples shown in Figs. 5.5b and 5.9b. Interestingly, 
the upturn of the strain-rotation for the H8 predictions, as shown in Fig. 5.15, occurs at a 
smaller value of f  than in the experimental results, much like the  a = 2.0  case in Fig. 
5.8b. The predicted trajectory for the 0.5 stress ratio is an exception as here the upturn 
occurs well after the experimental one. The corresponding vM results shown in Fig. 5.16 
are uniformly poor, particularly so for lower values of a . In summary, from these results 
we can conclude that use of a suitably calibrated non-quadratic yield function, together 
with a suitably extracted and calibrated material hardening response are essential for 
reproducing the response and localization that precedes failure. The introduction of 
anisotropy through the Yld04-3D model generally improves the predicted results 
particularly so for the evolution of localization.   
5.5 SIMULATION OF THE CORNER PATH EXPERIMENTS 
Scales et al. [2019] conducted two pairs of corner path loading experiments to 
explore the path-dependence of failure with = 1.0 and 2.0. They consist of an experiment 
in which the specimen is preloaded in tension and then loaded to failure in shear ( ), T  
and a second one in which it is preloaded in shear and then loaded to failure in tension 
. For the  (S®T ) paths, the specimen is first loaded axially in displacement 
control up to the nominal axial stress at which failure occurred in the corresponding radial 
path experiment. When the specified load is reached, it is maintained by switching the 
controller into load control. The specimen is then subjected to torsional loading under 
rotation control until failure. In the case of the  (T ® S )  paths the order is reversed: The 
specimen is first torqued until the nominal shear stress reaches the value at which failure 
 (T ® S )
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occurred in the corresponding radial path experiment, and from then on the specimen is 
loaded axially to failure under displacement control while the torque is maintained. The 
corresponding stress histories are shown in Fig. 5.17. 
The  a = 1.0 and 2.0 families of corner paths reported in Scales et al. [2019] were 
also simulated numerically and the predictions based on the Yld04-3D constitutive model 
are illustrated in Figs. 5.18-20. Figures 5.18 compare the calculated and measured shear-
rotation and axial stress-elongation responses for the radial,  S®T  and  T ® S  paths 
for  a = 1.0. As reported earlier, the two calculated responses for the radial path reproduce 
the experimental trajectories but at somewhat lower stress levels. The predictions for the 
 S®T  compare very well with the experimental responses. For the  T ® S  path the 
shear response is reproduced well but the axial response is underpredicted rather 
significantly. This may be related to the fact that the work contour of the calibrated Yld04-
3D model corresponding to 
 
s12 = 0.496s 22
w
 (i.e.,  a = 1.0) undepredicted the experimental 
data point (see Fig. 4.5a) and this results in earlier yielding for this value of a . The 
equivalent strain-rotation results are compared to the measurements in Fig. 5.19a. Here the 
radial path trajectory is reasonably close to the measured one; the upswing of the  S®T  
response occurs somewhat earlier than the experiment, while the trajectory for the  T ® S  
path is delayed compared to the experimental one.  
Figure 5.20 compares the calculated and measured stress responses for the three 
 a = 2.0  paths. The radial path predictions follow the measured responses very well for 
shear while for the axial stress the downturn occurs somewhat earlier. The equivalent strain 
trajectory in Fig. 5.19b matches the experimental one very well. Both of the  T ® S  stress 
responses are reproduced with similar level of agreement to the radial results and so is the 
equivalent strain-rotation trajectory in Fig. 5.19b. For the  S®T  path the shear response 
traces a somewhat lower trajectory than the experimental one. The equivalent strain in Fig. 
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5.19b follows the trend of the measured results but the upswing occurs earlier. The 
predictions for the vM and H8 constitutive model were much worse and are not included 
here.  
Overall the performance of the analysis in the corner paths is reasonably good but 
not as good as for the radial paths. The agreement with the measured results can be 
improved by including data from the corner paths in the calibration of the anisotropic yield 
function. 
5.6 SUMMARY AND CONCLUSIONS 
This chapter presented a numerical framework for predicting the set of tension-
torsion responses reported in Scales et al. [2019] all of which exhibited limit load 
instabilities followed by extensive localized deformation that eventually resulted in failure. 
Motivated by the limited damage observed in Al-6061-T6 at high strains, the experiments 
are simulated using a customized constitutive model free of the “softening effects” of 
damage often used in failure predictions. The analysis incorporates a non-quadratic 
anisotropic yield function, a material hardening response extracted to large strains from a 
simple shear test, and appropriate finite element models.  
The analysis successfully reproduced the measured biaxial stress-deformation 
responses starting from the onset of yielding; the stress levels in the extended branches that 
follows where the deformation in the test sections is homogeneous; the stress and 
deformation levels at which the load maxima occur; and the stress decaying branches 
associated with localized deformation. The analysis captured the geometry of the 
localization zones, the nearly exponential growth of strain in them and the associated sharp 
strain gradients to strain levels that correspond to the recorded failure strains. Most 
importantly, this level of success was achieved without the artificial introduction of any 
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softening features to the constitutive model adopted (for alternate approaches to the 
modeling of tension-torsion experiments see for example Xue et al. [2013], Papasidero et 
al. [2014, 2015]). Following are observations, comments and conclusions derived from this 
analysis effort.  
• An essential aspect of this successful performance of the analysis is first the adoption 
of a non-quadratic yield function suitable for Al-alloys, coupled to an accurate 
representation of the anisotropy induced to the tubes used in the experiments by the 
extrusion process. This was achieved using the Yld04-3D yield function with exponent 
8, calibrated using the radial path biaxial stress states of the tension-torsion experiments 
of Scales et al. [2019] together with the tension-pressure results presented in Appendix 
A of Scales et al. [2019].  
• A second essential component of such analyses that is often difficult to adhere to, is a 
stress-strain response that captures the hardening of the material to the strain levels 
reached in the experiments simulated. Because of the high strains recorded in the 
experiments, the material hardening was established from a pure torsion test on a 
tubular specimen. This test produced a stress-strain response to a much higher strain 
level than, for example, the value obtained from the necked zone of a tensile test using 
an inverse method. It was further demonstrated that the extraction of the material 
hardening must be accomplished using the constitutive model adopted in the simulation 
of the structural responses, which in this study meant the Yld04-3D yield function. In 
the simple shear test used the material frame rotates, which must be accounted for in 
the extraction of the material hardening when using an anisotropic yield function.  
• The test specimen design allows the state of stress and strain in the test section to remain 
essentially uniform up to the attainment of the load maxima––the small amount of 
radial deflection in the test section can be neglected. Thus, the onset of the load 
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maxima, important in structural design, can be evaluated from simple Considère-type 
considerations. The accuracy of such calculations is decisively dependent on the yield 
function adopted and the availability of an accurate representation of material 
hardening. This of course is equally applicable to the prediction of the load maxima by 
the numerical model. 
• Localization is best modeled numerically using solid elements. Reproducing the high 
strain gradients that develop in the necked zones to the levels achieved in the 
experiments requires a very fine mesh in these zones.  
• The aluminum alloy used in the experiments had very small initial porosity and very 
limited pore growth was observed outside the failure zone. Since the failure surfaces 
exhibited the dimpled relief associated with void growth, this must have occurred very 
close to the end of life of the material. This material characteristic is at least partly 
responsible for the successful reproduction of the local deformations to strain levels at 
which rupture occurred without the introduction of damage.  
• The simulations reproduced the localized deformations that developed in the 
experiments at rupture. Termination of such analyses requires a failure criterion. A 
properly generated failure locus such as the one in Scales et al. [2019] can be fitted to 
one of several existing expressions for failure strain vs. triaxiality and Lode parameters. 
Such expressions can then be used in large-scale calculations of structures under 
extreme loadings to terminate the life of material points and follow the progression of 
failure in the structure. For example, the exponential relationship of failure strain to 
triaxility of Johnson-Cook [1985] or the Hosford-Coulomb expression in Mohr and 














Fig. 5.2 Comparison of measured and predicted responses using three different 
constitutive models for  a = 0.75. (a) Shear stress-rotation and (b) axial stress-













Fig. 5.3 Comparison of the tension-torsion instability strains from Considère analysis 


















Fig. 5.4 (a) Comparison of measured and calculated radial displacement profiles 
across the length of the test section for  a = 0.75, for the first three stations 











Fig. 5.4 (b) Measured Mean equivalent plastic strain in the localizing zone vs. rotation 
for  a = 0.75, and corresponding ones calculated using the vM, H8 and Yld04-
3D constitutive models. Included is the strain at 
 
3to above the localizing zone. 
Shown also is the response produced using the stress-strain response from the 
uniaxial test (see Fig. 4.8a). The symbols “” correspond to the nominal 














Fig. 5.5 (a) Calculated equivalent plastic strain profiles across the test section for 
 a = 0.75, at rotations corresponding to those on the numbered stations in 
Fig. 5.2. (b) Through-thickness view of the plane of symmetry (mirrored) 
showing the necked region corresponding to station  in Figs. 5.2 and 5.5a–
–arrows are 
 





























      
       
Fig. 5.6 Measured and predicted responses using the shear and uniaxial stress-strain 







   
Fig. 5.7 Comparison of measured and predicted responses using three different 








Fig. 5.8 (a) Comparison of measured and calculated radial displacement profiles 
across the length of the test section for  a = 2.0 , for the first three stations 
marked in Fig. 5.7. (b) Measured Mean equivalent plastic strain in the 
localizing zone vs. rotation for a = 2.0 , and corresponding ones calculated 
using three different constitutive models. Included is the equivalent plastic 



































Fig. 5.9 (a) Calculated equivalent plastic strain profiles across the test section for
 a = 2.0 , at rotations corresponding to those on the numbered stations in 
Fig. 5.7. (b) Through-thickness view of the plane of symmetry (mirrored) 
showing the necked region corresponding station  in Figs. 5.7 and 5.9a––
arrows are 
 




























      
Fig. 5.10 Measured and predicted responses using the shear and uniaxial stress-strain 







Fig. 5.11 Measured and predicted responses using the Yld04-3D constitutive model for 
the full set of radial path tension-torsion experiments performed. (a) Shear 







Fig. 5.12 Measured and predicted responses using the H8 constitutive model for the full 
set of radial path tension-torsion experiments performed. (a) Shear stress-







Fig. 5.13 Measured and predicted responses using the vM constitutive model for the 
full set of radial path tension-torsion experiments performed. (a) Shear stress-













Fig. 5.14 Comparison of measured Mean equivalent plastic strain vs. rotation for full 
set of radial path experiments, and corresponding one calculated using Yld04-











Fig. 5.15 Comparison of measured Mean equivalent plastic strain vs. rotation for full 
set of radial path experiments, and corresponding one calculated using H8 












Fig. 5.16 Comparison of measured Mean equivalent plastic strain vs. rotation for full 
set of radial path experiments, and corresponding one calculated using vM 









Fig. 5.17 Nominal axial-shear stress paths for the two sets of radial and corner path 
experiments with  a = 1.0 and  a = 2. The limit load is marked by  and 






   
Fig. 5.18 Comparison of measured and calculated responses using Yld04-3D for the set 
of radial and corner path experiments with  a = 1.0. (a) Shear stress-rotation 








Fig. 5.19 Comparison of measured Mean equivalent plastic strain vs. rotation for the 
radial and corner paths and corresponding one calculated using Yld04-3D 







Fig. 5.20 Comparison of measured and calculated responses using Yld04-3D for the set 
of radial and corner path experiments with  a = 2.0 . (a) Shear stress-rotation 





Chapter 6:  Conclusions and Future Work 
Despite progress achieved over the last 50 years, ductile failure in thin-walled 
structures using sheet metal or tubes, remains a challenge. The occurrence of localized 
deformation and its evolution that precede failure complicate the stress and strain analysis 
as failure approaches. Successful analysis of such large deformations requires careful 
constitutive modeling of sheet metals coupled to appropriate numerical schemes. This 
dissertation shows that important steps towards improving the prediction of failure in thin-
walled structures are: (a) the adoption of advanced non-quadratic constitutive models 
capable of capturing the anisotropy of thin-walled Al-alloys; and (b) a reliable material 
hardening response to strains that are large enough to capture those measured at failure in 
experiments. This work has demonstrated the need of these innovations in two families of 
problems: the simulation of bulge tests in thin-walled Al-alloys sheets, and the analysis of 
a set of tension-torsion experiments on thin-walled tubes taken to failure. This Chapter 
presents the major findings and conclusions derived from each of the two parts of this work. 
6.1 HYDRAULIC BULGE TESTS 
The hydraulic bulge test has long been used as an alternative to the uniaxial test for 
extracting the material hardening of sheet metal. The nearly equibiaxial state of stress at 
the bulge apex delays localization and with the strain remaining uniform up to a level that 
is much larger than that of a conventional uniaxial tension test. Furthermore, the bulge test 
is often used in the calibration of anisotropic yield functions by providing the yield stress 
and R-value under equibiaxial loading. However, successful extraction of the material 
hardening requires also accurate characterization of the anisotropy that typically exists in 
sheet metal.  
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Bulge tests were conducted using Al-2024-T3 and Al-6022-T43 sheets. The 
anisotropy in each sheet was established using a set of independent experiments used to 
calibrate the Yld-04-3D anisotropic yield function. The calibrated yield function was used 
to establish the material hardening. Each constitutive model and corresponding material 
hardening were incorporated in 3-D finite element models of the bulge tests and used to 
simulate the tests. The following are the main findings and conclusions drawn from these 
studies. 
 Extraction of the stress state of an anisotropic material from the bulge apex depends 
on the yield function adopted. Nevertheless, the appropriate yield function that best 
describes the constitutive behavior of the material requires calibration with stress and 
strain state from the apex. Thus the calibration of material anisotropy and the 
extraction of material hardening are coupled. 
 Without assuming an equibiaxial state of stress or strain a priori, an iterative scheme 
was proposed for calibrating the material anisotropy and extracting the material 
hardening simultaneously. The calibration used stress and strain data from seven 
uniaxial tension tests, three plain strain tension tests and the bulge test itself. The 
material hardening response was extracted for three yield functions: von Mises, 
Hosford (exponent 8) and Yld04-3D. The hardening response based on Yld04-3D, 
differs from those from the other two isotropic yield functions, even though the 
anisotropy of the materials tested was modest. The maximum equivalent strain 
extracted from each bulge test is about twice as large as the one from the uniaxial 
tension test. 
 The commonly used Swift and Voce extrapolations based on uniaxial tension tests 
were compared with the ones extrapolated from the bulge tests. For both materials 
tested, Al-2024-T3 and Al-6022-T43, the Swift extrapolation overestimates the 
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hardening and the Voce one underestimates the hardening. The difference becomes 
more significant as the strain grows. 
 The simulation of the bulge tests involved two models: a model in which the edge of 
the disk is fixed, and a more realistic model that better mimics the clamping process 
and allows for possible slipping over the draw-bead during the bulging process. The 
draw-bead model was found to match the measured pressure-height responses better 
than the fixed-end model. It was also shown that increasing the friction coefficient 
tends to decrease the maximum pressure and increase the corresponding limit strain 
at the apex. 
 Overall, the pressure vs. volume and pressure vs. height responses before the pressure 
maxima were found not to be very sensitive to the yield function adopted. However, 
the localized deformation after the limit load and the ensuing burst pressure, 
especially when an imperfection band is present at the apex, significantly depends on 
the yield function adopted and the magnitude of the imperfection. 
 Numerical simulation of the bulge test of the more ductile Al-6022-T43 reproduced 
the diffused localization behavior in bulge tests very well, where beyond the limit 
load the local equivalent strain away from the apex continues to grow but the growth 
rate decreases as the radial distance from the apex increases.  
6.2 TENSION-TORSION OF THIN-WALLED TUBES 
An experimental study on the ductile failure of Al-6061-T6 thin-walled tubes under 
combined tension and torsion, conducted in parallel with this work, has shown that 
significant localized deformation precedes rupture of the thin-walled test specimens. The 
strain level inside of the localization zone reached over 100% for low triaxiality cases. 
Despite such large strains, X-ray tomography and microscopic observations showed that 
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void growth was limited to the very end of material life. These observations prompted the 
second part of this study, which had as main goal to investigate the extent to which the 
structural response and evolution of localized large deformation could be reproduced 
within the framework of conventional, damage-free plasticity. The non-quadratic yield 
function Yld04-3D was adopted in numerical simulation of sets of radial and corner path 
tension-torsion experiments. For comparison purpose, the isotropic von Mises (vM) and 
Hosford with exponent of 8 (H8) were also used in the simulations. This work showed that 
successful modeling requires a thorough calibration of material anisotropy and a carefully 
extracted material hardening curve to large strains. Some key aspects of this effort and 
major conclusions are listed as follows: 
 The anisotropic yield function Yld04-3D was calibrated using a uniaxial tension test, 
a pure shear test, seven radial path tension-torsion experiments and seven pressure-
tension experiments. Stresses and strain ratios at plastic work of 1000 psi were used 
in the calibration, which involved minimization of an error function. The tension-
torsion experiments showed that the test section developed a small amount of radial 
contraction. Including this contraction in an approximate manner was necessary for a 
more accurate calibration of the anisotropy. 
 The material hardening response was extracted from a pure torsion test, where the 
maximum uniform equivalent strain reached 60%. To incorporate the calibrated 
anisotropy in the hardening extraction, it was found essential to account for the effect 
of material frame rotation and extract the hardening response in the material frame. 
For the Al-alloy tested, the hardening response in the material frame deviates from 
the reference frame beyond equivalent strain of about 10% and exhibits much smaller 
tangent modulus at larger strains. This difference in modulus was demonstrated to 
influence the onset of localization significantly. 
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 The corresponding material hardening curves for von Mises and Hosford-8 were also 
extracted from the pure torsion test. Because of the isotropic nature of the yield 
functions, their hardening responses are independent of material frame rotation. The 
two hardening responses exhibit higher hardening and trace lower stress levels than 
the response of Yld04-3D. 
 The Yld04-3D hardening curve was also extracted from a uniaxial tension test using 
an inverse method. It was found to exhibit similar hardening as the one from the 
simple shear test but terminated at a strain of 35%.  
 The Yld04-3D, von Mises and Hosford-8 yield functions together with the 
corresponding hardening curves were implemented in 3-D finite element models used 
to simulate the tension-torsion experiments. The Yld04-3D model was found to 
reproduce the experimental results much better than von Mises, and overall better 
than Hosford-8. This includes the overall structural responses, the radial contraction 
of the test section, and the evolution of localized deformation up to the point when 
rupture occurred in the experiments. 
 Simulation of select experiments based on the reference frame simple shear hardening 
response was also performed. Localization was found to occur at significantly larger 
strain levels due to the stiffer hardening response. 
 The onset of instability under combined tension and torsion was established 
analytically based on Considère type analysis. The results were found to be in good 
agreement with the limit loads established numerically. This success indicates that 
this type of analysis can be a useful tool in structural design. This level of performance 
again requires an accurate representation of material hardening appropriate for the 
yield function adopted.  
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6.3 FUTURE WORK  
Several of the analyses and numerical schemes used in the calibration of anisotropy, 
the extraction of the material hardening, and the numerical simulation of structural 
responses that lead to failure can either be extended, improved or substituted with 
alternative schemes. Listed below are several issues that could be further developed in 
future investigations.  
 An iterative scheme was proposed to extract the material hardening from circular 
hydraulic bulge tests. In the literature, elliptical bulge tests have also been used to 
extract material hardening responses from sheet metals. The proposed scheme can be 
extended to elliptical bulge tests, which could provide an alternative method of 
material hardening extraction and useful experimental data for anisotropy calibration. 
 In the calibration of Yld04-3D yield function for Al-6061-T6 tubes, only data from 
radial path experiments were used in the calibration. As the numerical simulation 
shows, the corner path structural responses for 1.0   is not as good as those for the 
radial paths. It is suggested the inclusion of corner path experiments in the calibration 
could make the calibration more robust and more representative. 
 The parallel experimental study of the combined tension-torsion tests could only 
cover a triaxiality range of 0 to 0.577. To increase the span of triaxiality, hydraulic 
bulge tests or pressure-tension tests can be used to increase the maximum triaxiality 
to 0.667 for 2D state of stress. A higher triaxiality requires 3-D state of stress such as 
tension-torsion of notched thick-walled tubes, where numerical simulation must be 
used to determine the stress and strain states at failure. 
 The numerical simulations of the tension-torsion experiments reproduced the 
structural responses and evolution of localized deformation well up to the rupture of 
specimens. Termination of the numerical analysis requires a failure criterion. The 
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experimental results from Scales et al. [2019] can be used directly to establish a failure 
criterion for this Al-alloy. Stress and strain histories of critical elements in the FE 
model can be extracted to establish the loading path to fracture for the elements. These 
results can be used to calibrate failure criteria such as the Johnson-Cook [1985] or the 
Hosford-Coulomb criteria (Mohr and Marcadet, 2015). The calibrated failure 
criterion can then be used in large-scale simulations of structures under extreme 




APPENDIX A: HILL’S BULGE INSTABILITY ANALYSIS  
Hill's approximate but insightful analysis of a bulge test (Hill, 1950) is based on the 
assumption that it deforms into a spherical shape (see also Gleyzal [1948] for earlier 
approximate solution). It leads to the following relationship between the through thickness 
strain at the apex, et , the height of the bulge h and its polar radius : 
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The equibiaxial state of stress at the apex relates the stress, t , to the instantaneous 
values of the variables through 
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For von Mises yielding, 
  te = t  and dee = 2de = -
dt
t
.     (A.4) 
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Expanding r / h  in terms of ee , leads to the following approximate expression for the 
critical state 









       (A.7) 
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Using the material response of Al-6022-T43 extracted from the bulge test as shown 
in Fig. 2.12b, equation (A.7) results in a critical strain of 0.44, which compares with 0.528 
measured in the experiment. This value compares with the limit strain of 0.54 produced by 
the complete bulge numerical analysis. This difference is of course caused by the 
approximate nature of Hill’s closed form solution. 
For completeness, the Swift and Voce extrapolations of the measured uniaxial 
response of Al-6022-T43 were implemented in (A.7) in conjunction with the von Mises 
yield criterion. The calculated critical strains are 0.54 for Swift and 0.40 for Voce. The 
critical strains are marked on the corresponding stress-strain responses with sold bullets in 
Fig. 2.12b. As expected they deviate significantly from the measured value. 
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APPENDIX B: EFFECT OF SLIPPING 
Figure B.1 shows a failed bulge test specimen that experienced slipping at the draw 
bead during the initial development of our bulge test facility. The slipping is unsymmetric 




Fig. B.1 A bulge test specimen that experienced asymmetric slipping. 
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APPENDIX C: ESTIMATION OF HOOP STRESSES 
In the tension-torsion radial path experiments, the test section develops a small 
amount of curvature that depends on the level of tension applied (e.g., see Fig. 8 in Scales 
et al. [2019]), or the ratio a , which complicates the stress and strain state in the test 
section. The hoop stress is assumed to be proportional to the axial stress through  
   
 
s11 = bs 22.      (C.1) 
For values of  a £1.5, the curvature developed in the axial direction is quite small. Thus 
b  is estimated using Hosford’s isotropic yield function (4.1) in the flow rule to determine 
the following strain ratio: 
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 f (a ,b)  is assigned the hoop-axial strain ratio measured in the experiment in the crest of 
the axial curvature at the stress levels associated with  W
p = 1000  psi. Since a  is known, 
b  is evaluated from (C.2) numerically. 
For  a >1.5, the axial curvature that develops is more significant. Let  
r2  and 
r1 be 
the measured radii of curvature in the axial and hoop direction respectively at the test 
section mid-height. We assume that this part of the test section is in membrane state of 
stress, which then satisfies the membrane equilibrium equation 







= 0 .    (C.3) 
Eq. (C.3) readily yields  








.    (C.4) 
The estimated values of b  for the seven tension-torsion radial paths and the “plane-




Table C1 Estimated values of the hoop-axial stress ratio,  for various values of 
a   0.5 0.75 1.0 1.5 2.0 3.0 4.0 ∞ 




APPENDIX D: MATERIAL HARDENING EXTRACTION FROM SIMPLE SHEAR TESTS 
USING THE HILL48 MODEL 
It has been well-established that the material hardening response is influenced by 
the constitutive model adopted (e.g., see Tardif and Kyriakides, 2012; Chen et al., 2018a; 
Kang et al., 2008). In Chapter 4, eight shear-tension tests of varying stress ratios and seven 
pressure-tension tests were used to quantify the anisotropy of Al-6061-T6 using the non-
quadratic Yld04-3D model (Barlat et al., 2005) with an exponent of 8. The material 
hardening response was extracted from a pure torsion experiment. In such a test, the 
material axes rotation was found to play a crucial role in determining the hardening 
responses of anisotropic materials. In order to facilitate a simple study of the sensitivity of 
the extracted hardening response to the anisotropy parameters, the quadratic Hill-1948 (H-
48, see Hill [1948]) anisotropic yield function is adopted to extract the hardening response 
from the same pure torsion experiment described in Scales et al. [2019].  In particular, the 
measured shear stress-plastic strain response for the Al-6061-T6 tubes analyzed, as shown 
in Fig. 4.7, is used in the hardening extraction with H-48 yield function. 
 For the present stress state H-48 can be written as: 
  
 





































   (D.1a) 
where
 
Sij  are the ratios of the following yield stresses: 
  
 
S2 = s2o /s1o, S3 = s3o /s1o, S12 = 3s12o /s1o.  (D.1b) 
For the narrow purposes of the present study, the same experimental data used in the 
calibration of Yld04-3D, i.e., the yield stresses and R-values of a uniaxial tension test, a 
simple shear test, seven tension-torsion tests and seven pressure-tension tests at plastic 
work of 1000 psi (6.897 MPa) as described in Section 4.2.1, are used to also calibrate the 
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quadratic H-48 anisotropic yield function. 
 
Sij were determined by minimizing the sum of 
set of weighted error functions as in Eq. (4.29) for all experiments. The process produced 
the following values for the anisotropy parameters 
  
 
S2 = 1.01, S3 = 0.97, S12 = 0.93  
As expected, the calibration of aluminum alloys with quadratic yield functions is not ideal, 
but the parameters above are adequate for demonstrating the effect of material frame 
rotation on the extracted material response. For simple shear test, the incremental spin 
tensor can be obtained from deformation gradient tensor as: 
,     (D.2a) 
which integrates to   .    (D.2b) 
Thus, the transformation tensor for the material frame becomes 
   
 
A =
cosg / 2 -sing / 2 0














.   (D.3) 
The stress, when expressed in the material frame, is then: 
  .   (D.4) 
For the anisotropic material in Eq. (D.1), the equivalent stress in the material frame then 
becomes 
   
 
s e = s e( ¢s ij ,S2,S3,S12) ,    (D.5a) 
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or   
 


































.  (D.5b) 
This is used to evaluate the work compatible plastic equivalent strain increment from 






,      (D.6a) 







































,   (D.6b) 
(the elastic component of g  is neglected). This integrates as an elliptic integral of the first 
kind. In the reference frame, on the other hand,  






dg p ,     (D.6c) 
which integrates directly. If the material yields isotropically, (D.1) reduces to von Mises 
(vM), which is invariant to transformation and  
   
 
s e vM
= 3t ,     (D.7a) 








,     (D.7b) 
which also integrates directly. To facilitate a comparison with the quadratic yield functions, 
we include the equivalent stress for the isotropic Hosford yield function (Hosford, 1972) 
with exponent 8 (H8) which is given by 
   
 
s e H8
= (27 +1)1/8t ,     (D.8a) 








.     (D.8b) 
The anisotropy parameters and the measured shear stress and strain values were 
used in Eqs. (D.5) and (D.6) to generate incrementally the equivalent stress-equivalent 
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plastic strain response of the material. It is referred to as the Material Frame (MF) response 
and is plotted in Fig. D.1. Included is the corresponding response when the rotation of the 
material frame is not accounted for––referred to as Reference Frame response (RF). 
Clearly, this particular anisotropy leads to progressive reduction in tangent modulus for 
equivalent strains larger than about 0.15. Such changes in modulus can have significant 
influence on the prediction of localization and other instabilities and the onset of failure. 
Figure D.2 shows the equivalent stress-equivalent plastic strain responses 
corresponding to the isotropic von Mises and Hosford yield functions. Included is the 
reference frame response based on the Hill-48 anisotropic yield function. The three 
responses exhibit similar hardening, but trace different stress levels. The difference in 
stress level between vM and H-48 is caused by the anisotropy, whereas the difference 
between vM and H8 is due to the different exponent of the two yield functions. 
We now conduct a limited parametric study to illustrate the effect of the anisotropy 
parameters, 
 
Sij , on the extracted material response. The plastic tangent modulus of the 
































































sin2g  (D.9a) 
By contrast in the Reference Frame tangent modulus is 












.     (D.9b) 
Comparing Eq. (D.9a) and (D.9b), it can be concluded that the term in the round 
brackets of (D.9a), which depends only on material anisotropic parameters, plays a crucial 
role in adjusting the hardening modulus in the Material Frame.  
The measured t -g  response is used together with Eqs. (D.1-D.6) to evaluate the 
Material and Reference Frame responses for various combinations of the three anisotropy 
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parameters. Figure D.3 shows results where each of anisotropy parameters is varied with 
the other two kept at 1.0. In Fig. D.3a 
 
S12 is assigned values of 0.95, 1.0 and 1.05. For 
 
S12 = 1.0 , the material is isotropic and the response coincides with that of vM in Eqs. (D.7). 
For 
 
S12 = 0.95, both the RF and MF responses are higher than the isotropic one, but this 
value causes the tangent modulus of the MF response to be increasingly lower than that of 
the RF response. When 
 
S12 = 1.05, both responses are lower than the isotropic one, but 
here the tangent modulus of the MF response becomes increasingly higher than that of the 
RF response. 
In Fig. D.3b 
 
S2  is assigned values of 0.95, 1.0 and 1.05. Making this parameter 
larger that 1.0 lowers the tangent modulus of the MF response and making it smaller 
increases it. In this case the RF response is the isotropic one. In Fig. D.3c 
 
S3 is varied in a 
similar manner. This parameter has the opposite effect on the RF response: 
 
S3 >1.0  
increases the MF tangent modulus while for 
 
S3 <1.0  decreases it. Here again the RF 
response is the isotropic one. It is worth noting that when the anisotropy term in the round 
brackets in Eq. (11a) is larger than zero the MF response tangent modulus is larger than 
that of the RF tangent modulus and when it is less than zero the opposite is true. 
Figure D.4 shows additional comparisons of MF and RF responses for three more 
representative combinations of 
 
Sij  parameters for the same simple shear test. It is clearly 
demonstrated that the material frame rotation alters the response and must be accounted 
for. The decisive role of the anisotropy term in the round brackets in Eq. (D.9a) on the 
hardening modulus is demonstrated here too.  
This Appendix demonstrated that as a consequence of the measured anisotropy in 
Al-6061-T6, the axes rotation progressively reduces the material tangent modulus as the 
strain increases. The simplicity of the H-48 yield function enabled evaluation of the 
sensitivity of the induced changes of the extracted response to the anisotropy parameters. 
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It is established that the material frame rotation that takes place in simple shear tests can 
influence the extracted response significantly when material anisotropy is accounted for, 
and consequently must be included in the analysis of such experiments. This conclusion 
also holds for alternate methods of characterizing the material anisotropy such as non-
quadratic yield functions (e.g., Barlat et al. [2005]). It is worth pointing out that the results 
of the analysis presented are consistent with ABAQUS’ incremental treatment of the 










Fig. D.1 The Material and Reference Frame equivalent stress-equivalent plastic strain 
responses extracted from the measured 
 t -g
p response. Included are the 









Fig. D.2 Comparison of the Reference Frame equivalent stress-equivalent plastic 
strain response with the von Mises and Hosford responses when the 







Fig. D.3a Effect of anisotropy constants on the Material and Reference Frame 









Fig. D.3b Effect of anisotropy constants on the Material and Reference Frame 







Fig. D.3c Effect of anisotropy constants on the Material and Reference Frame 









Fig. D.4a Effect of anisotropy constants on the Material and Reference Frame 









Fig. D.4b Effect of anisotropy constants on the Material and Reference Frame 












Fig. D.4c Effect of anisotropy constants on the Material and Reference Frame 
equivalent stress-equivalent plastic strain responses for 2 3 12S S S  . 
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APPENDIX E: ONSET OF INSTABILITY UNDER COMBINED TENSION AND TORSION BASED 
ON H8 MODEL 
In Section 5.2.1, the condition for the onset of instability under tension-torsion for 
any isotropic yield functions is derived. For H8 yield function, the more algebraically 
intensive derivation is given below. 
From Eq. (5.5) the general condition for the onset of instability: 
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where 1 and 2  are the in-plane principal stresses, which is related to the in-plane stress 
components as follows: 
  
2
211 22 11 22
1 12
2 2
   
 
  
   
 
    (E.3a) 
  
2
211 22 11 22
2 12
2 2
   
 
  
   
 
    (E.3b) 
Let 11 22  , 22 12  . The partial derivative of the principal stresses with respect 
to 22  are: 
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Define 2 1C  . Then 
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Finally, using chain rule: 
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For each radial path  , the corresponding hoop-axial stress ratio   can be obtained by 








. This condition implies: 

















    (E.7) 
For a given  , stress ratio   can be solved numerically for (E.7). Then, the equivalent 
strain at the onset of tension-torsion instability for H8 model can be evaluated from (E.1), 








Fig. E.1 Comparison of the tension-torsion instability strains from Considère analysis 
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